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CSAFTER 1 


INTRODUCTION 

1*1, Bie growth of analytic functions, as measured by their maxixiun 
modiJlii, plays a veiy important role in the study of their asymptotic 
values, exceptional values, distribution of zeros etc. It is also used 
in the theory of approximation and Differ or tial equations. However, the 
growth of such functions has been studied in some detail only for a ..sub- 
class of analytic functions, namely the functions which are analytic in 
every finite region of the complex plane. Such functions are called 
entire or integral functions. The general theory of entire functions 
originated in the works of Weirstrass [^] and was developed further by 
Picard [_50] , Borel [ 14] , Daguerre, Ifedamard and others, but it seems 
that first significant step in the direction of the study of their growth 
was taken by Borel, Many new concepts in the theory were introduced in 
the beginning of this century by eminent mathematicians such as Valiron, 
lindi^o'f, Uevanlinna etc. Since then the theory b&s beai enriched by the 
works of Hayman, Boas, Shah, Clunie, Anderson and others. 

As compared to the case of entire functions much less vsork has 
been done to study the growth of analytic functions in general, 

Beuermann [^j studied the growth of an analytic function in the unit 
disc. In the recent years some work concerning the growth of such 
functions has been done by Tsuji, linden, MacDane, Sons and others <, 

is 

1#2* let f(z) be an entire function of the complex variable z ==: rc 

M(r) = M(r,f) = max lf(z)i. 

|2|=r 


and let 
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M(r) is said to be the maximum modulus of f(z) for |z| < r. Since 
the maximum is attained on the boundary we write |z| * r instead of 
\z\ ^ r, ELumenthal f 11 } showed, that M(r) is a steadily increasing 
continuous function of r and that it is differentiable in adjacent 
intervals. Further, by Hadamard’s three-circles theorem, it follows that 
log M(r) is a convex function of log r and hence it has the representation 

(1.2. 1) log M(r) = log M(r^) + / ^ dx , r > r^, 

''o 

where w(x) is a nonnegative, indefinitely increasing function which is 
continuous in adjacent intervals. 

Odie entire function f(z) is said to be of finite order if there 
exists constant A such that 

M(r) < exp (r^) 
for all sufficiently large values of r. 

Ihe greatest lower bound p of all such numbers A is called the order 
of the function f(z). Thus, 


( 1 . 2 . 2 ) 


P 


lim sup 

^ ^ CO 


log log M(r) 
log r 


If no such constant can be found then f(z) is said to be of infinite 
order. A constant is of zero order by convention. 

Ibr a more precise specification of the rate of growth of f(z) 
the concept of type has been introduced. Thus, the entire function 
f (z), of nonzero fi n ite order p , is said to be of type T if 
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(1.2.3) lim sup 3°? = T , (0 

I' ->- 00 1‘P 

According as Tea.,0<T<»or T=0, f(z)is said to be of maximal, 
mean or minimal type of order p , 

Whittaker [9^ introduced the concept of lower order of an entire 
function. lEhus, an entire function f{z) is said to be of lower order ^ 
if 

(1.2.4) lim inf = X , (0 < X < p < co). 

r CO ^ — — — 

In analogy with the lower order, the lower type t of an entire 
function f(z) of order p (O < p < «> ) is defined [ 69] as 

(1.2.5) lim inf = t , 

x" -»■ 00 

An entire function f(z) is said to be of regular grov/th if p = X 
and is said to be of irregular growth if p > X . A function f(z) of 
regular growth is said to be of perfectly regular growth if I = t < «>« 

An entire function f (z) is said to have growth (p , T } if its order 
does not exceed p and its type does not exceed T if it is of order p * 
An entire function of growth {I,!!}, T <“is called a function of 
exponential type. 

Since for functions of irregular growth, the lower type is zero 
[84] another concept, that of X-type,may be used for such functions. 

Thus j . an entire function f(z). Of order p and lower order 1(0 < X < p < 
is said to be of X~type tj^ if 
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( 1 . 2 . 6 ) 


lim inf 

r 00 


log M(r) _ ^ 

■ • 

j,A 


1 .3* Since the entire function fCss) is regular everywhere in the finite 
comples plane, it can be expanded in a Taylor series around any point z=«Zq 
of the plane. However, without loss of generality, we may take z^~ 0, 

Thus f(z) has the representation 

00 

(1.3.1) f(z) » I z” 

n»0 


where the coefficients are given by 




[£(z)/2’'*^]dz « 


£*^(0) 

‘nV^' 


f*^(o) being the •'/a.lue of the n"^^ derivative of f(z) at z = 0. 


Since the sequence {a^} determines the function f(z) completely, 
theoretically, it should be possible to discover all the properties of the 
function by examining its coefficients. Tbr the order, lower order, and 
type this has been done. 

Thus, the entii>e function f(z), defined by (l»3.l), is of finite 
order, if and only if [1^, pp. 9-12] , 


(1.3,2) lim . . ” ^9^ X y is finite ; 

n -»■ « log 


and then the order p of f(z) is eqtial to v . 

Ibr an entire function of infinite order this condition is necessary but 


not stifficient 
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Blirther» the aatire iunction f(z), defined by (l .3*1 )» is of 
order p(o<p<'») and type T ( 0 < T < »), if and only if, 

(1.3.3) lim sup = epT. 

n -»• « 

33ae formulae analogous to (l,3.2) and (1,3.3) do not hold for the 
lower order and lower type of fCz), i.e*, there exist entire functions 
having lower order 1 and lower type t for which the relations 


X = lim inf - ? 

n -4- « log |a^|“^ 


and 


ept « lim inf n 
n -»• » 


do not hold. Shah f 62 , 651 proved that if f(z) =» J a is an entixe 

n=0 

funotion of lower order X(0 X ^ then 


(1.3.4) 

and 

(1.3.5) 


X ^ lim inf ^ liru inf „ 

n -> » log 


n « log 1 V^+1 


« ^ 1-5™ n 

p ^ jLxin P r _ ^ 

n -»■ <» l^/®n+l' 


Purther, if 


(l.3*6) ^(n) = |«n/ajj+j{ is a nondecreasing function of n for n > 


n 


then 

(1.3.7) 


X 


lim inf ■' = lim inf - 

n -*■ «> log n -»• “ Isn/an+ll 
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arid 

(1.3.8) p =: lim 51^ 

n -»• 09 log lajj/an+ll 

Similarly for the entire function f(z), given by (1.3.1 ), having 
order P (o < p < oo) and lower type t (O ;< t ^ <»), it has been shown 
that 

(1.3.9) ept ^ liffi inf n 

n -»• 00 

and, hirther^ if (1.3*6) holds j then 

(1.3.10) ept = lim inf n |a , 

n 00 

Jiineja IS.} has shown that if f(z), given by ("U3.l)j is of order 
p(0<p<<»), type T(0 ^ T •< «’) and lower type t(0 ^ t ^ “), then 

(1.3.11) lim inf ~ 1 1 T 1 li® sup ^ Un+l/^nl^ • 

Hence, if lim n |a ./a j = K(0 < pj, K < w), then f(iO = I a z 
n-K» ° n=0 ^ 

is an entire function of perfectly regular growth, order p and type K/p 

Further, if (1.3*6) holds, then 

(1.3.12) I ^ 11’® stp — _< e T. 

!Che inequalities in (l,3.12) are sharp. 

ResrCLts analogous to (l.3«9) and ( 1 . 3 .IO) for the X~type of the 
function f(z) have been obtained by Srivastava and Sin^ [84J 
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A coeffiGieaat fonaula far the lower order, which holds for every 
entire function, has been obtained independently by Roux f56 ] and 
Jtuieja [34] by using different techniques. Thus, it has been shorn 

CO 

that if f(z) = a z is an entire function then the lower order 
n=0 

X( 0 ^ X ® ) of f(z) is given by 

log 

(It, 3. 13) X = max lim inf -- "■ 

k « log |a^ 1"^ 
k 

where maximum. Is taken over all increasing sequences ot natural 

numbers. 

Recently, another coefficient form.ula which also g3.vee lovjer order 
for every entire function has been obtained by Juneja and Kapoor \35 ] <■ 

Thus it has been shown that if f(z), given by )» is of lower order 

X( 0 £ X _< » ), then 

n ^ ,• . . "k-1 

(lm3^14) X = max lim inf -- — * ^ . 

Some more results which depict the influence of the coefficients on 
the growtli of entire functions may be found in Clunie [18] , R,S.I. 

Srivastava [ 81] and S.R. Srivastava [83 ] , 

1.4* If f(z) is an entire function of infinite or zero order, the 
usual definitions of type and lower type are not feasible and so growth 
of f(z) cannot be precisely naeasured by confining to these concepts* 
Various attempts, thou^ in different directions, have been made to study 
the growth of such functions. 

Sato [59, 60] adopted an elegant method to study the gsrowth of 
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of *index* of an entire function. Thus, if 

[q]. 


Cl.4.1) 


pCq) = lim sup 

r 00 log r 


and 


.[q-1], 


(1.4,2) ic(q) = lim sup , (0 < p (q) < «>) 

rP W 


r CO 


where M(r) = M(r) and M(r) = log (log^*l M(r)), q=2,3f*.- 

then f(z) is said to be of index q if p(q-l) = oa and p(q) < “ . 

The coefficient eqtdvalents of p(q) and K{q) for the entire function 

CO 

f(z) = J a z of index q, as obtained by Sato, are as following: 
n=0 


(1,4.3) 


and 


pCq) = lim sup 


n JLog|[^~^n 


n 00 log la^ 


t-1 


(1.4,.4) ic(q) = lim sup log^*!”^^ ep^q) * (0 < p(q) < 0D),q=2,3,. 


n -»• “ 


A formula analogous to (1.3,8) giving P(q) for entire functions satisfying 
(l.3*6) has recently been obtained by Bajpai [ly , 


Ibr the entire function f(z), Shah and Ishaq [71] considered 


(1.4.5) 


p(k) 

XCk) 


StJp 

lim 

r eo inf 


lo|[^^^ M(r) 

logfk-l] r 


(0 < r(k) < p(k) < oo) 


and 


T(k) 

^Ck) 


sup 

lim 

r -*• oo inf 


lo/^|MCr) 

logfk] X 


(1 < T(k) < T(k) < CO), 


(1.4.6) 
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% 

where k is some fixed integer not less than 2, and obtained results 
analogous to (l,3*2) and first part of (l,3»7). The upper limit in 

(1.4.6) for k = 2 is called logarithmic order which vies first introduced 

by Iyer [29J to study the growth of entire functions of zero order, 
further work in this direction has been done by Juneja f31 1 and 
Awasthi [^] , 

' ^ic 

Rahman [ 34] considered r*^(log r) (log^^^ r) (log r = r, 

log r = log (log*’ r), k = 1,2,3j..,) as -the comparison function •to 
study "the growth of log M(r). Here P (0 < p < ») is the order of the 
function and nonnegative constants. He showed that if 

!I!( P ) and t( P ) denote the upper and lower limits of 

r ^ Clog r) ^ (log^^^ r) ^ log M(r) 

and 0 and 6 those of 

P ^ nClog n) ^ ... (log^^^ n) ^ > 

then, 

(1.4.7) e p T(p) = 0 , 


(1.4.8) e p t(p) ^ 9 

and equality holds in ( 1.4.8) if (1,3.6) is satisfied. Further, if f(z) 
is of logarithmic order Uj^Cl < < “) and 


u 


“2 


sup (o,-l) 
im l , \ 


a. 


= lim 
V n -+• » inf 


n 


a,-l a.-l 

- c -■ -vi) 1. 


-r tlogn)“2 ... (log^-'ln)”^ l%l 
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then, 

(1.4.9) T(0) = u , 

(1.4.10) t(0) 

and equality holds in (I. 4 .I 0 ) if ( 1.3,6) is satisfied, 

Jbr a more precise specification of the rate of growth of f(z), 
than given by (l,2.2) and (1.2,3), the concept of a proximate order has 
been used, which is more closely linked with log M(r). Ihiis the real 
valued function p(r) is called a lindelof proximate order [16, p. 54] 
for an entire function f(z) of order p(0<p <«), if it satisfies the 
following conditions* 

(i) p(r) is nomegative, continuous and piecewise differentiable for 

r > r ; 

o’ . 

(ii) lim p(r) = p ; 

X* CO 

(iii) lim rp’(r) log r = 0, where p'(r) is either the ri^t or the 

r CO 

left derivative of P(r) at points where they are different j 

(iv) lim sup = 1 « 

Valiron [89, p. 653 proved that there exists a pTOximate order 
for every entire function of finite positive ordeh, iiis pixiof is based on ti 
results of jSLumenthal. Shah [64 ] has given a simple alternative proof 
of the existence of proximate orders without ijjaJfcing use of the special 
properties of M(r). Relations involving a proximate order and coefficients 
of the entire series have also been obtained [44, p. 42j . 
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Siah has defined and proved [^3 "th® existence of a lower 
proximate oider for every entire function of nonzero finite lower order X, 
Analogous to proxmate order i Sidvastava and Juneja f82] have 
intro dxjced the concept of proximate type and showed that fbr every entire 
function of nonzero finite order and nonzero finite type there exists a 
proximate type. In a siroilar manner, the concepts of logarithmic proximate 
order, logarithmic proximate type etc. can be introduced* Purther woxfe 
in this direction has been done by Jmeja pi,] , Awasthi [£] and 
G . S . Srivas tava t2^ . 

1.5. It is clear that formulae given in sections 1,3 and 1.4 are not, in 

CO 

general, applicable to an entire function f(z) = a z if the 

n=0 “ 

coefficients a^’s vanish for infinitely many values of n- Por studying the 
growth of such functions in terms of coefficients the entire series with 
gaps is considered. Kius, let 

“ X 

Cl.5.13 f(z) = I 

n«0 

te at;}, entire viticro 0 and ^ increasing ^sq^uence oT 

oc 

paaiti.vB integers sioch that no element of the sequence,{a^}j^_^ is zero*. 

It can be easily seen that results analogous to (1.3.2) and (l*3»3) hold 
for the entire series (1.5.1 ), if in those formulae, n is replaced by X^ . 

Juneja and Siri^ f38l obtained a coefficient formula for the 
lower order of the entire series (1,5.1 ). Ihus, if f(z), given by (l.5«l), 

* Throughout this woit, whenever we consider a power series of 1iie fora. 

( 1 . 5.1 )* it is assumed that 0 ond an incrsosing sequence 

of pnaitiTTfir integers sioch that no element of the sequence 


is zero 
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is of lower order 1 ( 0 jc X _< co then 


n « 


(1,5.2) X > lim inf 

and further, if 


log Xn.i 

log Ian! 


-1 


1/(X^^1- X^) 

(1<.5*3) il'(ii) = I a j is a nondecreasing function 

of n for n > n , then 
0 ^ 


(1.5.4) 


X = liia inf 

n - 4 - 00 


log 

Ihe formulae for the order and lower order of the entire series (1,5=1 ) 

imrolving the ratio of the two consecutive coefficients were obtained by 

Awasthi [j4] who showed that if f(z), defined by (1.5.1), is of order P 

and lower order ^(0<X<p<«) and if X 'v, X . as n ->■ », then 

— — — n n+1 

(l4^5.5) lim mf ’ ^ ^ P ^ 5up . „ 

n ~ log IV^+ll ~ ” n -V « log |an/ajj+il 

and further, if (l,5.3) holds, then 

P sup (X ) log \ 

(1.5.6) = lim , , 

X n -»- « inf log lan/an+i! 

Eecently, Basinger [8] has obtained the lower type of f(a) 
in terms of the coefficients of its laylor series (l.5,l)« He bae shown 


that if f(z) * \ ^ entire function of order p (0 < p < «>) 

^n-1 

and lower type t(0 < i") such that liuoi inf ” ■ « 1 O), thai 


(1.5,7) e p t ^ L lim inf X^^ |ajjj 


n “ 

p/v 


'n 


n -+• 00 
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and furtiie 2 ?»if (l.5-*3) iwlds, tiiQi 


(1.5.8) 


e p t < lim :‘.nf (aj^l 

n 00 


p/\ 


n 


A 

MacIntyre [47] showed that if f(z) = ^ a^z ^ be an entire 


n=*0 


function such that 
(1.5.9) 


I \ 

n=l 


-1 


< 00 


then f(z) is unboxinded on Re z > 0. By taking the growth of Ihe function 

f(z) into consideration Mrei [21 ] weakened the condition (l,5.9). Ihus 

he showed that if f(z) = T a z is an entire function of finite order 

' ' ^ n 

n=0 

p such that 


(1,5.10) 


1 

S 00 log S ^ S 

tnsr f(z) 1.3 unbounded in Re z > 0. Erom both these theorems it 
follows that f(z) has no finite radial asymptotic Tralues. Both MacIntyre 
and Bdrei showed that their growth conditions are best possible. Recently 
Anderson and Binmore have generalized and sharpened the above resiilts. 


lim inf - ^ < 


-1 

n ^ 2p ' 


1,6. Let f(z) be an entire transcendental function defined by the power 
series (1.5.1)» Since the series converges fbr all finite z, the modiilii 
of its termsji viz., 

Xj X 

must decrease after some value of n, for any finite r. Jfence there is one 
term of the series whose absolute -value is not less than that of any other 
term. The modxilus of this term we denote by p(r)* Bius 



u 


Let, 


yCr) = yCr,f) = max {[a | r . 

n > 0 ” 


X 

v(r) = max {X^^ : y(r) = |a^I r . 

y(r) is called the maximum term of f(z) for (zj = r and v(r) is 
call ed the rank of the maximum term y(r) or central index of f(z) for 
Iz) == r. CGhfi function v(r) is a nondecreasing, unbounded function of r, 
which is constant in intervals and has only ordinary discontinuties^ 

Elements in the range set of v(r) are called principal indices. 

3he maximum tem and the central index of f(z) have played a 
significant role in the study of the growth of an entire function. 

Valiron [ 89 , pp. 28-32] , by constructing a Newton’s polygon, has 

established the following relations involving the maximTJm term v(r), the 
central index "'^(r) and the maximum modulus M(r) of an entire function; 

(1.6.1) log y(r) = log y(r^) + ® dt (0 ^ r^ < r < «) 

(1.6.2) y(r) < M(r) < y(r) {1 + 2v (r + . 

- v(r) 

In 1957, Erdos [23] conjectured that for an entire (transcendental) 
function if U and u are superior and inferior limits of u(r)/M(r) 
respectively, then either U > u or U = 0. (Sray and Shah [25 ] showed 
the conjecture to be true except in the case when the power series of 
f(z) has 'wide latent gaps'. Clunie and Hayman [20 ] showed that 
conjee tiire is not true in general and have given the construction of a 


certain class of antire functitinBlbr which it is valid 



Valiron [89 > p. 32 ] has shomi that for fuoctioas of finite 

order p 


(1.6,3) log M(r) log y(r) as r “ 

and that 


( 1 . 6 „ 4 ) 


P 


llin sup 

r* -4- CO 1^2 ^ 


lim sup . 

X CO log r 


HxLttafcer [95 3 obtained an analogous result for the lower order X . 

CO \ 

Thus, he proved that if t{z) ~ I a z is an entii^e function of 

xeO 

order p and lower order X , then 


( 1 . 6 . 5 ) 


X = lim inf 

X -*■ CO 


log P (r) 
log r 


lim inf 

X CO 


log y(r) 
log r 


and 

( 1 , 6 . 6 ) 


log X^ 

X ^ p lim inf . — - . 

n -»- » log 'S:i+i 


Erom (1.6.6) it follows that if an entire function is of regular* growth, 
then, 


log \ 


lim 


= 1 


Shah and Ishaq [71] obtained results analogous to (I.6.4) for 
the constants defined by (l.4*5) and (l.4,6). 


Shah, in 1942, improved the following resifLt of Eolya and Szego f 52 ] 

(■V'i6.7) lin inf •- < p < lim sup 

x-hc log vCr) - - ^ log uCr) 

and showed that ] 

lim inf . .yxCr) < x < p < lim sup , . 

x^co log v(r) - - - r 00 log p(r) 


(i,6.8) 
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Growth, numbers y and 5 of an entire function f(z), of order 
p(o < p < “ ), are defined by 


(1.6.9) 


lira 


sup 




r -»■ » in£ 
Shah [6^3 proved that 


( 1 . 6 . 10 ) 


6 < (y/e) < p T < y 


and 

(1.6.11) (y/6)) Y 

where G? and t are the type and the lower type of fCz). He also noted 

i lO o ji ubat 

(1.6.12) 6/yP < c < d < y/Sp 


where 


S.K. Sin^ 


c 

d 


tlil 


sup 

lim 

r « inf 


log M(r) 
v(r) ‘ 


proved that .one cannot have simultaneously 


(lc6,13) y + 6 * e p T and 6 » p T. 

ibr 0 _< p £ « , Shah [67 ] proved that 


lim st^) 

r CO 


v(r) log r — 


(1.6.14) 
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and if for a sequence of values of r tending to infinity 


then, 


(1.6.15) 


log log v(r) = {1 + o(l ) } log log r, 


lim sup * 1. 


(1.6.U) was further sharpened by R.P* Srivastav [TS] who diowed that 
for 0<X, 

(1.6,16) lim sup < 1 - X/p 

j. ^ CO v(r) log r — 


and 


(1.6,17) 


lim sup , 1 1 . 

r log ^(r) - ^ P 


An asymptotic relation between ''^(r) and log u(r) was also obtained 
by Shah [70 ] vho showed that v(r) 'V pTr" as r -»■ “ if and only if 
log v(r) ''' T r^ , 

further results involving M(r), y(r), '^(r), order, type etc. 

of the function f(z) have been obtained by E.S.l. Srivastava [80 ] , 

Rahman [55 ] , ca.unie [17] $ R.S.L. Srivastava and O.P. Jmeja , 

G.S. arivastava [77) emd others. 


1 .7. Let 


, 2v 

mCr,£) = -^Z log* jfCre^®)! de 
0 
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be the lTevanlinna*s characteristic of the entire function f(z), where 
log"*^ X s= max (log x,o). It is known f27 « p. 8] that mCr^f ) is an 
increasing convex function of log r and has an integral representation 
similar to (1.2.1 ). She growth of the function f( 2 ) can be studied in 
terms of its Nevanlinna’s characteristic also. In fact, in view of the 
fundamental inequality (see e.g. [27, p. 18] ) 

(1.7*1) m(r,f) < log M(r,f) < mCR,£), (0 < r < R), 

it follows that the order p and lower order X of the oitire function 
f( 2 ) are given by 

p sup , 1 , 

Cl.7.2) . 11m ■ . 

1 r + » inf 

Since both log M(r,f ) and m(r,f ) eire nonnegative, increasing, convex 
functions of log r, a natural question that arises is that if w(r) is a 
nonnegative, increasing convex ftmction of log r, does there exist an 
entire function f(z) which satisfies either (i) log M(r,f) » w(r) or 
(ii) m(r,f ) = w(r)? The answer to this question is not, in general, 
in the affirmative [45 ] . 

Valiron [^] showed that if w(r) is a function given by 

W(r) = const, + (r ^ o > 0) 

a 


(1.7.3) 
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where A(t) is nonnegative, nondecreasing and mbounded then there exists 
an entire f motion of finite order such that 

(1*7.4) log M(r,f) W{r), as r , 

provided 

(1*7,5) I'j (r) < 

for some K > 0 and for sufficiently large values of r. 

A similar problem for the function m(r,f) was treated by A. Edrei 
and W.H. J . SUchs [22} • lEhey proved that if w(r) is defined as in 
(1*7.3) and if (l«7.5) is satisfied then there exists an entire function f(z) 
of finite order such that 

(1.7.6) log fCr) = log M(r,f) -v m(r,f) 'v ”J(r) , -vs r -v « , 

Glunie [19 ] generalized the above results when he showed that if 
Ff(r) ^ O(log r) as r , then there exists an entire function f(z) 
satisfying (1.7.6). 

Another interesting situation is the existence of entire transcendental 
functions of arbitrarily fast or arbitrsurily slow growth* It is well knorni 
( [ 13.1 421 , rSI 1 »[91J ) that there exist entire transcendental fmctions 

whose rate of growth as measured by their maximum modvCLii is arbitrarily 
fast or arbitrarily slow. B. Lepson [^} has recently shown that given 
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two positive functions h(r) and k(r) for r >■ 0 such that log k(r) ^ 

0 (log r), liiere exists an entire function f(z) and two sequences 

and of positive numbers tending to infinity such that for every 

positive integer n, M(c^,f) > li(c^) and M(r^,f) < kCr^^)* 

D, Gair [24] showed that there exists an entire function of order p 
and t3rpe 3? such that 

(1.7,7) lim sup T 

r ->• OD xP 

for all 0,0^6^ 2ir* Recently J.M. Anderson ftirther showed that 

for an entire function f(z) of order p > 0 and type T, the set of values 
of 0 for which limit exists in (1.7»7) is of first Baire category in 
[0, 2tt ). 

1o8» A set of real valued continuous functions ^ = {4>2» ^ 2 * **** 

on a closed interval [a,b] is called a Chebyshev system if each polynomial 

1 = a. -a (j) . having real coefficients {a. such that at least 

* EL T1 i 

one a^ is nonzero, has atmost n— 1 distinct zeros on [a,b] • 

let f be continuoxis real valued function on [a,b3 with its 
norm defined as 

I if It = sup lf(x)) 

and let 

E^Cf) » inf Hf-(aT^<Jij + ... + 


(1.8.1 ) 
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denote n'th degree of approxiroition of f by Chebyshev system. ^ • If 

the Jjafimum in (l,8.l) is attained for a linear combination J =b| b^ 4'i 

then P is called a linear combination of best approximation* 

It is well known [46_,pp* 26~27 3 that for a Chebyshe-w system there 
is a unique polynomial of best approximation for each continuous function 
and conversely if , ^2 f*** t continuous functions defined on 

[a,b] and if each continuovis f has only one polynomial of best approximatioi 
then, j 4>2f-f 4*1^3 is a Chebyshev system* 

let 

0^(x) = i { (x + x^- 1 )^ + (x - x^-1 )“} , n * 0,1,2,.... 

be the Chebyshev polynomials. Ihen it follows that “ 2~^ 

is the polynomial of best appioximation for the continuous function x^ 
on [-1,1] with respect to the Chebyshev system w * {1 ,x,...,x*^"*^ } . 

A real or complex-valued function f defined on I = [-1,11 is 

called analytic on I if there exists an analytic extension of f onto 

some open set G of the complex plane that contains I, !I3ae degree of 

approximation, E^(f), of such 3Punctions:f , by algebraic polynomials, has 

many interesting properties. Bernstein [9., p* 117] showed that a 

function f, defined on [“1,1] is an^ytic in this interval, if and only if, 

lim sup E <1, In partictilar, f(x) is the restriotion to ["Ijl] 

n “ 

of an entire function f(z),if and only if, 

11m E (f ) » 0, 

n ^ ^ 



22 


He further showed that the rate of decrease of } depends on the 

order and type of the entire function f(z)* Thus, there exists a constant 
p > 0 such that 

^.1*8e2) lim sup n^ ^ 

n » 

is finite if and only if f(x) is the restriction to [~1,l3 of an entire 
fiinction of order P and some finite type T* Varga [ 92] strengthened 
it further when he showed that 

(ls>8o3) lim sup - s p 

nn-co' log[l/Ejj(f)3 

where P is a nonnegative real nmnber if and only if f(x) is the 
restiiotion to [-1,1] of an entire function of order p . 

The above resiXIts of Bernstein and Varga have been extended by 
A.E. Reddy [56 ] to entire functions of index k as defined by Sato, and 
to entire functions of logaiitbiaic order P (l P He has also 

obtained the corresponding analogues ' for the lower order and lower type for 
a subclass of entire functions. 

Recently J.B. Singh [73] l^s obtained a characterization for the 
lower order of an entire function f(z) in terms of the degree of 
approximation il'® restriction to C-1>1] • Thus, he has 

shown that if f(^) is the restriction to [-1,1] of an entire function 
f(z) of lower Older X(0 < X < ® ), then 

log G .-A 

M- 1 - r 1 

Min lim sup .jj .} a — 

{nj,} h » ’"h log nh.-l ^ 


(1.8.4) 
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where mirvimum in (1.8,4) is taken over all increeising sequences of 

natural numbers. 

Ihe results of Bernstein have been eoctaaded in a different direction 
also. Thus, resiJlts have been obtained about the degree of apprcocimtion 
of an analytic function on rather general sets of the complex plane 
(see e.g. ,C3aapters III & 17 ] ). Let Pj^(z) be the best approximation 

to f($i| on a set L of the complex plane# Set, 

= I |f(z) ~ p^(z)| = max lf(z) - p^(z) I , 

z e D 

then for D={z:|z|<r} ,a direct application of techniques from the 
theo.ey of entire functions gives that f(z) is entire of order P and 
type T if and only if 

lim = — (epT)^-'*'^ . 

n e. CO ^ r 

Recently J.R. Rice [ 57 ] has extended the above restilt to more 
general sets, Hius, let C be the point set in the complex plane 
whose complement is connected and regular, f(z) be defined on C and 
I^(z) be the best polynomial approximation to f(z) on C, Then, Rice 
proved that 

(1#8#6) lira j |f (z) - Pnz)}!^” « d„(C) (©pT)^''^ 

if and only if f(z) is an entire function of order p > 0 and type 
t( 0 < T < » ), d„(c) being the transfinite diameter of C, 
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1.9* let U denote the class of functions which are analytic in the 

unit disc D = {z; [z j < 1 ) , Analogous to the case of entire functions 

the growth of this class of functions has been studied in terms of their 

maximum modulus M(r) = M(r,f) = max tf(z)l , (O < r < 1 ). Qiius, the 

lzt=r 

order and lower order of a function f(z)e U are defined as 

sun , + + Drt 

(1.9.1) liir. ^ ^®S - , .log o ^ 

r ■> i inf -log (1-r) 

where log'^x = max (log x,o)» As usual a function f(z) e 11 is said to 

be of regitl.ar growth if Pq *i is of irregular growth if p > X « 

0 0 

It can be easily seen that the order and lower order X^ of 
f(z) e £1 , defined by (1.9.1 ), are, in general, different from the 

Hevanlinna order p^j and lower Nevanlinna order Xj,j defined as 

'''= lim , 

% r -> 1 inf -logCl-r) 


wbero^ 

, 2Tr 

in(r) = ffl(r,f) = log'^ jf(re^ )| d0 , (0 < r < 1). 

ZTT Q 

In fact in view of the fundamental inequality (l,7.l) (which is true for 
functions of the class (J if log M(r) is replaced by log^M(r )), it 
follows by taking r = 2R * 1 that 

PnIpoIPn^i 

and 
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Concepts of the maximina teim and central index can aQ.so be 

introduced for a function analytic in the unit disc, in the same manner 

as done for entire functions, Ehus, if f(z) = I V ^ 

n=0 

fiinction of class U , then its maximm term v(r) and central index v(r) 
are defined for 0 < r < 1 , by 


y(r) = u(r,f) = 


max {fa^^l 
n > 0 


r and v(r) = max : u(r3 = ja^jj r ”}. 


Valiron [90] has shovwa that for a function of class U ha-ving 
positive order 

(le.9.2) log uCr) * log yCr^) + dt , 

=ind 


( 1 . 9 . 3 ) < MCr) < y(r) {l+2v(r + , (0 < r < x < 1). 

v(r) l-r o ^ 

I.R. Sons [75] obtained the order and lower order of a function 
f(z) e W in terms of its maximiza term and the central index. !I!hus, 
she shov^ed that if fCz) e t-' has order (O < Pq < ") and lower order 


(1.9.4) 


and 


Po 

X 


Urn ISS U (r) 

r -> 1 inf -log 


1+Po 

l^^o 


sup 

lim 

r -*■ 1 inf 


Ip^ v(x3 
-iog(l-r) ‘ 


(1.9.5) 
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I^jrther, if f(z) * I f then 


n=0 


( 1 * 9 , 6 ) 




1 ■*■ ^ (^ ■*■ P«) lira inf 

n-^ » ^n+1 


Analogoxis to the case of entire fimctions, (1.9.6) shows that if f(z) e U 
is of regular growth then 

log 

lim . . = 1. 

n ■> ® -^og Xjj+i 

Beuermann Q^] and Maclane [49* p. 47] separately obtained the 
order of f(z) e ii in terms of the coefficients of its power series 

CO 

v n 

I a z , Their result is 


n=0 


n 


, , pQ |a I 

(1.9.7) V ■ = lira sup-. . 

I+Pq n -s- » log n 

A function f(z) e U is said to have the asymptotic value a at 

C , I ? I =* 1 if and only if liiere is an arc F in D tending to Z such 
that f(z)-> a on F . The asymptotic values of the function f(z) are 
intimately connected with its growth. An attempt in this direction was 
made by G.H. Maclane who introduced the class A , Ihe Madiane class A 

consists of those nonconstant functions in U for which there exists an 

everywhere dense set of points C on the unit circle with the following 

property: there exists an arc r in the disc D and a complex number 

a(possibly “ ) such that f(z) a as z -»- ? on p • 

Macliane [ 493 obtained the following sufficient conditions for a 

“ ^n 

nonconstant function f(z) = ^ a z of the class U to belong to the 


class A : 


ns=0 



t 


( 1 . 9 . 8 ) 

(1.9.9) 

( 1 . 9 . 10 ) 


lira inf ^ ^ 3 

n "V oo 


(l-r) log* M(r) < ® 

0 


log^ la^jl < for some X such that 0 < X < 2/3 , 


Bae condition (l.9.10) shows that all functions of the class U whose 
order is less than 2 belong to A . 

Bie condition (1.9.9) was weakened by R. Hsrnblower [^] who 
proved that the condition 


(1.9-11) 


log'^ log* M(r) < « 

0 


is s’tfficient for a nonconstant function f(2),of the class U to belong 
to the class A . 


ISae functions of the class U satisfying (l.9*8) or (1.9.11 ) have 

another interesting property. itoderson [_1_3 showed that if either (1.9.8) 

~ “ ^n 

or (1.9.11) is satisfied for the function f(z) * T a^z and if 

^ n 
n=0 


(a) 



> q > 1 


(n = 0,1,2,...) 


(b) a^ / 0 as n •+ « 

then f(z) assumes every finite value Infinitely often in every 
nei^bouihood of C , 1 C 1 » 1 . 


A is not a linear space. Barth and Ryan [_7] showed that the sum 
and product of two functions in A need not be in A . Erannan and 
Hbrnblower {1 51 not only gave an elementary proof of this fact but also 
showed that any nonconstant function of the class U may be represented 
both as a em and a product of the pairs of the fxmctions in A . 
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Eecently, Iratt [^3 lias considered the class R ot those 
functions of the class U vdaich have radial limits zero at a dense subset 
of the unit circle |z j = 1 and showed that if f(z) e 0 then it can be 
expressed as a sxan ^ad product of functions of the class R. 

1*10. Glie theoiy of functions analytic in the unit disc has been vastly 
enriched by contributions in 1iie directions of univalent and multivalent 
functions, if spaces, theory of cluster sets, - ovciconvergence etc. 

Similarly the theory of entire functions has been benefited by advances 
made by studying their exceptional values, Julia lines, asymptotic values, 
distribution of zeros etc. A good deal of literature can also be found 
dealing with entire fmctions of exponential type. Here we have briefly 
described only those topics in the theory in the direction of which we have 
tried to pursue the investigations fiarther in the present work. 3he 
results are contained in the next seven chapters. 

In Chapter two we make an attempt to classify entire functions 
according to their mode of growth. Our approach unifies the various 
approaches made earlier and is applicable to functions of both slow and 
fast growth. Itor this purpose we define (p,q)-order and lower (p,q)-order 
of an entire function and mainly obtain their coefficient characterizations. 
HesiXlts given here generalize and improve various known resi:ilts in this 
direction. 

In Chapter three we continue to study our classification scheme 
for the class of entire functions. We define (p,q)“type and lower (p,q)” 
type of an entire function and obtain their coefficient characterizations. 
Some results involving (p,q) type, lower (p,q)“type and ratio of two 
consecutive coefficients of the entire Taylor series are also obtained. 
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Further we define (p,q)-growth nimbers of an entire function and derive 
formulae which determine them in terms of ratio of two consecutive 
coefficients of the entire Taylor series. 

In fourth Chapter the resiilts of second and third Chapters are 
used to determine the rate of decrease of the degree of Chebyshev 
approximation of a continxious function vdiich is restriction to 
of an entire function. 

Fifth Chapter deals with the polynomial expansion of an entire 
function. Using restCLts of second and third Chapters various results . 
relating (p,q)-order, (p,q)~type etc. to the coefficient polynomials are 
obtained. Some of these results generalize results of Rice f 57 1 . 

Next three chapters deal chiefly with the growth of functions of 
class U as measured by its maximum modulus, U being the class of 
noncon3tan.t functions analytic in the unit disc. 

In Chapter six we give complete coefficient characterizations for 
the lower order of the functions of class U , We also give a stifficient 
condition for a function in U to belong to the Maeiane class A consisting 
of those functions of the class U which have asymptotic values at a 
dense subset of the unit circle. This improves a similar result of 
Maclane [49^] . Finally we show that there exist functions analytic 

in the disc = { z: jz| < R} whose upper rate of growth is arbitrarily 
fast and slmultaneoxisly whose lower rate of growth is arbitrarily slow. 

In seventh Chapter we define type and lower type for functions of 
the class U , Various formulae have been obtained BtoichvComectL type 
and lower type of these functions with the coefficients of the corresponding 
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Taylor series. Growth numbers for this class of functions are defined 
and formtilae determining them in teims of ratio of consecutive coefficients 
of the Taylor series are obtained. 

In the last chapter we define a D-proximate order and obtain results 
relating D-pioximate order and a nondecreasing function 4>(r) which tends 
to infinity as r -»■ 1 . The results -vdien applied to the theory of 
analytic functions give relationships that exist between a given 
B-proximate order for a function analytic in the unit disc and its 
distribution of zeros, maximum term, maximimi real part and geometric mean 


values etc 



CHAPTER 2 


(pyq)~ORDER AND LOWER {p^q)-ORDER OF AN ENTIRE FUNCTION 

2»1 e 1(613 

" X, 

(2.1.1 ) fCz) = I 3i. 

k=0 * 

00 

be a nonconstant entire function, where X = 0 and { X, }, . is the 
strictly increasing sequence of positive integers such that no element of 

00 

the sequence zero^ 

To estimate the growth of f(z) precisely, the concept of order, 
as defined by (1.2.2), is xised. The concept of type, as given by (1.2.3 ), 
is introduced to determine the relative growth of two entire functions of the 
same nonzero finite order. If f(z) is of infinite or zero order, the 
definition of 'type' is not feasible and so growth of such functions cannot 
be precisely measured by confining to these concepts only. Tbr entire 
functions of infinite order, Sato introduced the concept of 'index' of 'an 
entire fiinction, as defined in Section 1 .4 • However, there are two 

shortcomings in the classification introduced by Sato. iirst, it does not 
compare the growth of entire functions of zero order and secondly it does 
not give any precise indBormation about the growth of those functions for 
which p(q-l) = » and p(q) * 0. On the other hand, thou^ the results 
of Shah and Ishaq as moationed in section 1.4 give conmendable results 
about functions of slow growth, they give a little information about the 
rate of growth of rapidly increasing functions. Moreover, since the 
concept of 'l^e* for entire fUnctiorBwithL same p(k) or T(k) (as defined 
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in (1.4.5) and (l.4«6)) is not introduced, the comparison of growth of 
such functions is not possible. 

In the present chapter we intend to classify entire functions 
further according to their mode of growth and make an atteii5>t to find 
more precise information about the growth of an entire function^ than 
given by the above concepts. We do not claim that our classification 
scheme assigns to ever^ entire function a district growth constant 
(in fact such a classification is impossible, see e.g. f44, p. 383 ] )• 
However, our approach does yield results which are applicable in a wider 
perspective and at the same time give refinemeats of the results obtained 
by various approaches made in this direction. It will be seen that our 
approach imifies the above mentioned approaches and is applicable to 
every entire function vdaether of slow growth or of fast growth. We 
introduce some new growth constants for this purpose and obtain their 
coefficient characterizations. Ole results which v;e obtain generalize, 
improve and sharpen nany of the known results (see e.g. f 341 , f60 1 , 

[71 ] , [_95 3 etc.). 

2.2. Bar the entire function f(z) which is not a polynomial of degree 1 , 
set, 

Fill 

(2*2*1) p(p,q) * lim sup 

I* ->-00 logC<l] r 

where p and q are integers such that P ^ ^ 0, M(r ) is the maximum 

modxjlus of f(z) for \z\= r, log^^^ x = x and log^^x la log (logt^""^^x), 

P ss 1,2,*,.. It can be easjly seen that if p > q then 0 < P(p,q) " 
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and if p = q, then 1 ^ P (pjq) ^ MDreover if 0 < p (pyq) then 

p (p* ,q) = » for p’ . < Pj P (pjq* ) = 0 for < q an<i P (p + q + n) = 1 

for n = 1 Purther, it also follows that if 0 < p (p,q) <1, then 
for all pairs of integers ( ) satisfying 

(i) q = ? + q - p,C < p 


we have p ( ) = 0. Similarly if 1 < P (p,q) ^ then for all pairs 

of integers ( ^2 » ^^2 ) satisfying (i) we have P ( ^ 2 ^ ^2 ^ ~ Consequently} 

if 0 < p(pyq) < «y p(5,n)=t“ for n -C > q - P P ( S j n ) = 0 for 


q <- C < q - p. 


Thus we are led to the following definitions. 

DEnMTipiI 2.>1 . en tire flection f(z) is said to be of index jgair (pjq) 

P ^q i£ ^ ■^P(p>q)'^ "^<3. p(p— Iji—l) is not a nonzero f i n ite nxmbejya 
If p(p}q) is newer nonzero finite and p(pjO = 0 for some p, then index 
pair of f(z) is defined as (m,1 ) where m = jnf {pJ p (pf 1 ) = 0 ) c. 

If P(pyq) is always infinite, index pair of f(z) is defined to be (« ,» )» 

pEEISriTiOir 2.2» An entire function f(z) is said to be of (p^q)*order p 
if f,(z) is of index pair (p,q), P ^ q ^<3 b < p(pyq) = p < », where 

b = 0 or 1 according as p > q or p = q. 


We note that entire functions of index pair (l,l) are polynomials 
of degree greater than 1, those with index pair (2,1 ) are transcendental 
entire functions of finite order and entire functions having index pair 

(p, i) belong ■ to the class of functions studied by Sato [59 ] . Similarly, 

■ .1^ * ■ 

it may be noted that entire functions having index pair (kjk:) or (k,h-1 ) 
are those studied by Shah and Ishaq m • 
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Let f^(z) be an. entire function of (p,q.)- 03 ?der pj^ and i^z) 
be an entire function of (p*,q’ )”order and let p < p*. ibllowing 
results about their comparative growth can be easily deduced: 

(a) If p‘-p>q‘—q} thoa the growth of f.j(z) is slower than 

the growth of f2(z). 

(b) If p’~ p q*~ qj then the growth of f.^(z) is faster than 
the growth of f2(z) 

(c) If p'-p = q*-q> 0 , then growth of f.j(z) is slow^ than 

growth of ^2(2^) p 2 ^ vhile growth of f.j(z) is faster than 

the growth of f2(z) if p2(pSq*) 

(d) Let p'-p = q‘- q = 0 . !Ehen f.|(z) and fgCz) are of same 

index pair (p,q). If p (p,q) > p (p»q) then grovTth of f^(z) is faster 

than growth of f2(z) and if p^ (p»q) < then growth of fj(z) is 

slower than growth of f2(z). If (p,q) = P2 (Pyq) ( 2 . 2*1 ) does 

not give any precise estimate about the relative growth of f.j(z) and 
f2(z)« Ibr such functions we shall introduce the concept of •(p»q)“‘typ 6 * 
in the next chapter. 

We define the lower (p,q)-order for the entire function f(z) as 
follows: 

DESrojeiOW 2.3* ^ en-ttre functton f(z) of index |>air (p,q) s£^ 

to be of lower (p,q)-o:rder X ^ 

(2.2.2) X = XCp,q) = lira inf , (0 X < «) , 

r logfR] r 
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An entire function for which (p,q)-order and lower (p,q)-order 
are equal is said to be of regular (p,q)-growth* Junctions which are 
not of regular (p,q)-growth are said to be of irregular (p,q)-growth* 

3b avoW. certa^ tiavial cases, tl^ughout our discussions we 
take p ^2. 

3Ihe following notations are frequently used throughout this work, 

1. exp^^^ x » log^^^ x = xj exp^™^ x = log^"®^^x 

* exp (ejq)^^ = log (log x), m = 0, + 1,... ► We wish to point 

/ fial \Ct / X 

out here that in our calculations wherever (log x) (0^a<«>) 

occurs, it is understood that x is such that this expression is a real 

number, 

UOiDATIOF 2. 

k . «Mjtikr '„ A' - 


Ej- i(x) a n x 

^ d=o 

* / ^ 5 , [3] 

j A (x) = n log X 

[r] jaO 

E- -.(x) = 

} A (x) = E ^Tx7 * 

r = Oj + 1, 



P^(a) = (a,P,q) * a if p > q 

*T+aifp=sq = 2 
a max (l , «) if p = q ^ 

where 0 ^ a ^ “ and 0 ^ t ^ 1 . We shall write !( a ) for Ej ( a ). 
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2.3* In this section we find some results which connect (p,q)-order 
and lower (p,q)-order of the entile function f(z) with its maximum 
term vi(r) and the central index v(r) as defined in section 1,6 . Qhe 
results are given in the form of lemmas. 

161 # j 


(2.3.1) 


lim 

r -»• “ inf 


v(r) 

logW r 


e 

6 


and 


(2.3.2) 


sup 

lim 

r ■+ « in f 


v (r) 

log[<l] r 


$ 

4 > 


then we have the following: 


LB^ 2.1. Let f(z) 
order p and let Q 


= I 

lE»0 
and $ 


a^z be an entire functicm 

be given by (2.3.1 ) ^d (2.3.2) respecti vely , 


then 


(2.3.3) p = P( 0 ) = $ . 


raopP. In view of (I.6.I ) it follows easily that $=?(©).. We now 

p3x>ve p = .P ( 0 ) . first let 0 < ® . Ihen by (2.3.1 ), fcr every e > 0 

and for all r > r = r (e), 

0 o 

v(r) < 

and in view of Ihe relation $=« P(9)* we get 


log p(r) < e3qp(P“23 (iog(^“l] 
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for all r > r^( e ), Now, by (l,6.2), for all r > inax(r^,r^ ), we get 

log M(r) < log y(r) + log v(r + ?- ) + ofl) 

vCr) 

< exptP-23 dogh-l] ^jPCe).c , ^^[p- 3 ] 

which implies 


logtp] M(r) 

logt^3 jK 


< P(0) + e , 


and so proceeding to limit, we get p ( 9) , !Ehis inequality is 

obviously true if P( 9 ) = <» . Next, in view of the inequality 
v(r) ^ M(r) and the relation 0 = P( 6 ), it follows that p ^P( 6 ) 
and consequently ( 2 . 3 . 3 ) follows. 

REMAEK. For (p,q) - (2,1 ) this resiilt is due to Valiron [89 , p. 33 3 
and for (p,q) =» (p,p) or (p,p-1 ) it is due to Shah and Ishaq [71] • 

LEMM 2,2. Let 

(i) 4>(x) ^ a pqsitjiye ^creasing foqct^n of x :tor x > 0 

[p..^ J 

(ii) lim inf * a (0 ^ a < «). 

X -♦■ <*> log^^3 X 

Thjn CO rr espojiding to each pair pif ppsijt^j njanbers 3 , y 
th^ jbaeqialities 


o < 3, a/3 < Y 1 


ther^ a aequmce of positS^ve numbers teMuijg to infi^ty ^jsh tMt 
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^(x) < B X for ^ ^ 1. 

PROpP. let ^ sequence of positive numbers s^3ch that 

logtP~^3 <^(x^) 

^ ..V „ , < 6 Y. 

logt'll ^S. 

Ihen, if x £ x^, we get 

log^P'*^^ 4)(x) ^ < B Y log^^^ ’Si — ® log^*^^ X. 


Hence the leram. 


RMAffi. Ibr (p,q) * (2,1 ) this lenuna was proved by Whittaker [^3 • 


LMM 2.5. let f(z) =» 
(Pjq)“2.^®^ ^ f "felien 


Z JE 

a. z entire function haying low^ 

k=0 ^ ‘ . - ^ . 


(2.3.4) X = P(0) = <i> 

where 0 ^ are as defined in (2-3. l) (2.3.2) resj^^tivetlj;. 

PROOP. Using (l,6.l) it follows easily that <l> = P( 9 ). Since 
v(r) ^M(r), we get P( 6 ) <_ X . !I3ius we need only prove P( 6 ) ^ ^ . 
let 0 < » . Since v(r) is an increasing function of r, by lanraa 2.2 
for 0 < 6 , 6/3 < Y <1, there exists a sequence of positive numbers 

tending to infinity such that 

(2*3.5) < 3 for (log(^"^3pv < r < !L « 

loglq] r Yi _ - Yi 

let 5 and e be positive numbers such that y ^ B < 1> r/S < e <1 
and write S^=x exp^*^ (log^'^ that for sufficiently large n, 
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3y (1*6*1 ), 


log li(Sjj) = log li(SJ) ♦ / ” - W dx 


log p(Sj) < e VCSJ) log 


so that 


log u(S^) > log v(S^) + v(Sj) Jj" ^ 

> log v(sj) + log V(S^) = i log yC^) 


Thus, using (2«5»5) 


Sn [p-2] „ [q-l] -g 

Cl-e) log y(S„) < r - .«?3Ldx 


which implies 


(2.3.6) log w(Sn) < {expl^P'^^ (logf'l”^^ log 


How since, by (l.6*2). 


M(S,) < yCS„) {1 ♦ 2.(S„ * 


MCSn - < ''(2S„) < expfP'^5 Clogtl'D 2 S„)® . 
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it follows that if A > 0 , 

(2.3.7) log u(Sjj) log M(Sj^) as 

Erom (2.3.6) and (2.3.7) we deduce that tor p = q * 2, 

0 

, , iog^23 MCS 1 v(S-) 

(2.3.8) lim inf - » ' < 6 + 1 ; 

n -► <» logt^) Sjj logt^j Sj^ 


for p = q, > 3 , 


logtP3 M(S ) 
(2,3.9) lim inf - . 

n “ logCp] Sjj 


logtP5 ii(Sn) 


lim inf jr ” ’ ‘ ^ max (1,$), 

n •+ » logiPl Sjj 


and for p > q, 

loglP) MCSn) logfP^ nCS^) 

(2.3.10) lim inf " ~ “ — = lira inf ' • ^ , 

n » logWJ n -»■ «> logWJ 

Since (2.3.8), (2.3*9) and (2,3*10) hold for every g > 6 , it follows 
that X p( 8 ), iHiis inequaii-ty is obvious for 6 = » . If X * 0, 
in view of the inequality X ^p( 8), proved earlier, we have P( 6 ) = 0. 
This completes liie proof. 

EHSl^K. iEbis iCTima general aes a result of Shah and Ishaq [71] vftiich 
was obtained when (p,q) ® (p,p) or (p,P-1 ). Eor (p,q) = (2,1 ) the 
lamna is due to Whittaker [95] , 

2.4. In this section we obtain a characterization of the (p,q)“order 
of an entire function f(z) involving coefficients a^*s and exponents 
X^ s of its Taylor series (2.I ,1 ). 
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THBOIM 2.1. Le;t fCz) » Z illJS. ©retire funotioa of (p,q)- 

k»0 * 

order p , 

(2.4.1) p » p(l) 

where 

. , 108 ^!”^’ H 

(2.4.2) L= lira .^ .v. ... . .. -« . 

Y •* <» logW-13 (—log 

^ 1*1^© definition of (p,q)-order, for any e > 0 and. for all 

^ > Vo » 

log M(r) < exp^ ^^(log 
Using Cauchy’s estimate, this gives 

(2.4.3) log jaj^j < log r 

for all r > r^ and for all k. Ibr (p,q) ^ (2,2), let 

r = exot-l-IJ (logIP-2] \5l/(P.e) _ 

" p+e 

®ien by (2.4.3), for all k > k^= k^(r^), and for (p,q) ^ (2,2), 
log i^kl < pVe -h (log^P"^^ 

Uaw for p * q, p ^ 1 . iEherefore, for P = q ^ 5, the above inequality 
gives 


(2.4.4) 


p 2^ max (1, i). 



whereas, for p > q, It gives 


( 2 « 4»5 ) p ^ L , 

Itor (p,q) = (2,2), let r » exp . lEben (2.4.3) 

gives, for all k > k’* k‘ (r ), 

O 0 0 


J 

log }aj^} 


> -.l/CP-l+e) 

'•p+e'^ 


,P-l+e 
^ p~l 


) 


and so 


(2.4.6) 


log Xjj 

p 3 ^ 1 + lira st:^) ■- — - - — . 

k ->' » log (i_ log 


(2.4.4), (2.4.5) and (2.4.6) together give p ^P(l). lb prove the reverse 
inequality we note that 0 1 < «. Ibr any e > 0 , by the definition of L, 

(2.4.7) |\1 < exp {-Xj^ , 


for all k > k^= k^( e ). Since 


Xv S X, « X, 

K r i 1 K. V l-l k 


MCr) < I Kl r = ACk^) . I |aj,l r ^ I laj^l r 
k =0 k=S+l 


where ■ 4 (k^) is a polynomial of degree at most k^ and S=[e 3 q)^P “^3 (log^^'"^^ 2 r) 
by using ( 2 . 4 . 7 ) we get 

MCr) < ACkQ) + exp {exp^P”^^ Clog^^'’^^ 2 r)^*^ x log r}x 


X I exp {-Xj^ expf*!"^^ (log(P”2] f 2"^. 

k«0 k=0 


L+( 
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Since both the series occuring in the above expression are convergent, we 
have 

TiCr) < r + o(l) 


and therefore P^.P(l)« iSiis completes the proof of the theorem. 


EEMAM, Bae above theorem, generalizes results of Sato [ 60] and Shah and 
Ishat^ [ 71] ’Which were obtained separately for (p,q) « (pjT ) and (p>q) = 
(p,p) or (p,p~l). 


Next we have 

JT^REM 2.2. Let f(z) » 
tlaen 


I a. z ^ an entire function of (p,q)-ord^ p , 
k=90 ^ .. 


(2,4.8) p iP(L*), 


where, 

Xjj 

[2,4.9) b* ® lim sup .1 ■ _ 1 - « . w *. lyi. I, r.^ .n , )>- >*.« M l-». ^ 

k -♦' » logW-lJ ^ . log |ajj_i/a]j(3 

1/ (^k'^l'^^k^ 

Purther, (2,4.8) ^ ^'(k:) J ^ 

nondecreasing function of k for k > k . 

/■iifc- ,.i. -Ifcuniw, -W 'M *--▼ .. i%, — , « mtmmmm • xr , ^ 


We reqaiire a lemma. 

OJ 

LSftMA 2*4* iet { ^ ^ se;^uencq of ,|>osi1ive 

and { a sequence of ny mbe rs s^wh that for sone integer 

for k > k^,. for a pair (p,q )' of 

positive iitiigere such that p > < 1 » p > 2, q > 1, 
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(2.4.10) lim sup lim sup - 

Ic -> CO iogW-13 (i_ log k ->• 00 iogl^-lj(-- 1 logja, i/ai. 




itother, (2.4.10), ^ for k > k^, ’J' (k) - ( 

is a nondecre^i^ fuxiction tend^g jto ip^nil^ k;. 

~1/^, r -.n 

I^OOF. Let L* be defined by (2.4.9). Since ja^ ( ■^ >exp^*^”* ■* (l ), 

we have 0 ^L* 5.“* Since for L* = “ , (2.4.10) is trivially true we 
assume that L* < “ . Ohen for any e > Oand for all m > N = n( e ), we get 


log 


[p-1] 


m 


..r — \j%-v 


log^^ ^3 r log }^})J_J^/^{) 


' < L* + e , 


^in“^in-l 


which gives, 

ivi''%i * tvvp ciogip-23 • 


Writing this inequality for m = H+1, F+2,...,.,k and adding all such 
inequalities, we get 


(2.4.11) loglaj^j-^ > loglaj^}"^+ I (X^-Xjg_j)expf^'^ 3 (logfP'^iXj^)^^^^*'"^^ 

np=N+l 


where, 


' log |a^l‘' + eap^‘'"^'ciogfl’'^'x^)^^^''**'^-JOk) - 

■ -X, eapt-l-^J tlogfP-^3 


J(\) ® / n(t)d{exp^^'^^^ n(t)=X for X < t< X 

^ % HI Hi 

'^N+l 


iD+1 


45 


J‘( X^) satisfies 


(2.4.12) 


J(Xk) = / n(t) . 

Xn +1 ^[p-23(t5 


dt 


" ^[q-2] ( logtP " 23 t ) l /( L * -e) 

A[p-2] W 


dt. 


'N+1 


Jbr (p,(i) * (2,1), by (2.4.12), J(X ) < (Xjj.-Xjj^.i), bence (2.4.11 ) gives 


log ^ 0(1) + log Xj^ - CAj.-..Xjj), 


L*+ e ■ 


and therefore for (p,q) * (2,1 ), 


(2.4.13) 


lim st^ 




k » log I ajj 


-1 


< L* . 


®3r (p»q) * (2,2), by (2.4.12), 


JfX •> < ^ r X CL*+e+l)/(L*+e3 . 


CL*+e+l)/(L*+e) 


N+1 


3, 


Hence by (2.4.11 ), 


iog|aj-i>oa, , a**=n)/(i.*«) 

L*+e+ 1 


which gives for (p,q) «= (2,2), 


log X. 

lim sup - .«..i — < L* , 
k-^.« log ( 1_ logjaj.}"^) ~ 


(2.4.14) 
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Now for all pairs of integers (p^q) such that p ^ 3j we get from (2.4.12), ’ 


N +1 




where. 


H(t) = 


s Vv r < «p . V .. .. ^ • 


V 2 ]* 


It is easily seen that if p ^ 3 then, for the index pair (p,q) such that 
either p > q or p *» q and L* > 1, ^t) is a decreasing function of t and 
H(t) -»• 0 as t-»- « while for p *= q and ]j* < 1 H(t) is an increasing function 
of t and H(t) -^"as t » . Hence for pairs of integers (p,q) such that 
p^3jP >qorp=»q and I* > 1 , 


J (Xj,D < [ C*^ic-Xjj+l)H(Xj^^j) + CXj,-»^j,)HC>^j,) 


and, for pairs of integers (p,q) such that p =» q^ 3 and I*^ 1, 

JCX 3 ,) < H(Xj^) (Xj,- X^p . 

Using these estimates for we get, by (2.4.11), for all pairs of 

integers (p,q) svich that p > 3 

log ^ ■*■ \ exp^‘l“^^(logfP'^^Xj,)^'^^^ * ^ (1-0 (i')]. 


Ihus, fbr pairs of integers (p,q) such that p ^ 3, 


log 


tP-13 X, 


( 2 . 4 . 15 ) 


lim sup ^ L* 

}f » logW'll C i_ log aj(. ■!) 
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(2.4.13), (2.4.14) and (2.4.15) give (2.4.10). 

ITow we prove the reverse ineqviality. Since >('(k) is a nondecreasing 

function of k for k > k , therefore for a fixed IT > k and all k > N, 

o* o ^ 

we have 


log * log + ... + log 

® ^^N+l " ’J'(K) + ... + log ’l'(k-l) 


Hence 


1 (\ “ log ^C^^-1). 


logtP-13 


iogtP'^3 


logEq-i] (1 log jaj^l-b ■* {logt'l^ r^(k-l)} (1+0(1)) 


Ihus, on proceeding to limits, we get 

lim sup • . .-.y. — . > L* 

k ■+ » logW-lj (^ log laj^l"^) 

^k 

and the proof of the lemina is complete. 


"1A, 


EROjDP OF^Tj^EM 2.2. Since the hypothesis |a^| ^ > exp ^ (l ) 


IS 


satisfied for the exponoats { X, } and coefficients (a. } of the series 
“ ^k 

I a, z , we have by (2.4.10) that L < 1* - where L is given by 
k«0 ^ ~ . 

(2.4.2). Now appl3ring theorem 2.1, we get P * P(l) £P(l*). Further, 

if 4'(k)H ' ^k+1 ^k^ is a nondecreasing function of k for 

k > k^, then by the above lemma, L * I*, vdiich in view of !Eheorem 2.1 gives 
P = F(i) * P(l*). IMs ccxapletes the proof of ISheorem 2.2. 
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* K 

COEOIiLAEY. let f(z) » ^ a z ^ a£ mtire function having (pjq)- 

hmQ ^ ~ 

Ollier p . iet {X^ ^k-0 principal indices and, p(p^) be the .jujap 

Ic 

jppints the c^ti^^ 2 £ ^’(z)» 


P = PCU), 


where, 


log X 

U = lim st^j . ^ v.- 

k « logW pC^v) 


Dieorem 2.2 generalizes a result of Bajpai {_£] which was obtained 
for the case (p,q) « (p,1 ) and = k. Eor (p,q) = (2,1 ) and = k the 

theorem was obtained by Shah [62.3 • ®ie theorem also generalizes a result 

of Awasthi [^ ] who obtained (2.4.1) for the case (p,q) = (2,2) under the 
additional hypothesis Xj^. 'v Xj^^^ as k -»■ «> . Ibr (p,q) = (2,1 ) and 
Xj^» k, the corollary was obtained by G-ray and Shah [^3 by a different 
technique. 

2.5. We observe that a result analogous to (2.4.1) does not hold always 

for the lower (p,q)-order of an entire function, i.e., there exists an 

«“ Xk 

entire function f(z) «« of lower (p,q)-order X such that 

k»0 

X* ?(x) does not hold, where 

X 

X a lim inf ^ , , .»■ 

k -*■ » log{^”l3 (i-. log la,^{“l3 ■ * 

^k 

Ihis can be seen by the following example. 
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EKAIi^E. Let, for q > 2, 


f(z) = ^ exp {-k (lcgJ^P“^^k) + 


+ J exp {-k (z) + '£ 2 ^^'^ (say), 

k=l - - 


and set, 


0 

e 


sup 

lip. 

r ->■ == inf 



v(r. 




Then, vCz'jf^) = 21c for ’>}j(k-1 ) f_r < >!>(lc), where 

iKk) = [expi-k exp (log + (k+l)exp^^ ^^(log^r“‘'l(k+l)) ^ 


itor q ^ 2, log®-'^^ Tij(k) = -j log^^~'*"k as k -»■ «= 
logt^~-J 2k 

. - V. . .. - 'V 3 as k e- «, 

log ^9] {P(k)} 


Hence, 


This shows that f^(z) is of index pair (p,q) and its (p,q)-order 
and lower (p,q)-order are P(3)* 

Further, for sufficiently large r, 

M(r,f^ ) ± M(r,f) = M(r,f^ ) + M(r,f 2 ) 1 2M(r,f., ), 

therefore it follows that f(z) is of index pair (pjq) and its 
(p,q)-order and lower (p,q)~order axe P(3)» Bat 
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iogfP-13 k 


X = lim inf ■ -* - = 2 » 

k log 


However, we have the following theorem: 

» X 

TBEORM 2.3 » jDet f(z) * J ^ :^mtion. Mving low^ 

^ i - A 4v _ . iva 1 1 ». H ktfv a i..-> 


n=sO 


(p,q)~ordep X let be an increasing sequence of natural 

niai^ers, then. 


(2.5.1) 


X > P^(S,) 


where 


(2.5.2) 


X = x({nr.}) * lim inf 

k ->■ <» 


k-1 


and 


(2.5.3) 


log 


[p-1] 


n, 


k-1 


£ = il({n, }) = lim inf ' ' ' 

k oo logtP-l] C - log la^ j~^) 


‘n. 


MppP. We note that 0 <» . KLrst let0<j!- <“, Then, for 


2. > e > 0 , and k > fc = k (e ), 

' 0 0^ 


l/(2-e) 


( 2 . 5 . 4 ) |a j > e;qp {-Xjj (log^P”^^ X^^ y ' ' 

K ’ 


k-1 


Since addition of a polynomial does not affect the lower (p,q)-order of 
f(z) we can assume that (2.5.4) holds for all k. let (p,q) ^ ( 2 , 2 ) and 
choose 

(2.5.5) “ 2 (log^^"^^ X £oy k = 2,3,... . 

k-1 
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If 


^ 2 . 5 . 4 ) gives for all r > r^= r^(p) and for 


(p>q) (2,2), 


log M(r) ^ log ja^ I ■*• \i log r 


ClogfP“ 2 } )UJl-e) ^ 


n 


k -1 


k 


> log 2 


= {expfP "25 leg 2 


^ {e3q}i^P“23 (log^P"^^ log 2. 

Therefore, for sufficiently large values of r, and for (p,q) ^ (2,2) 

logtp 3 M(r) > C£-e) logt^l^ J + o(l). 

Ibr p - q we have A >1, hence this inequality gives, for p = q > 3, 


logfP3 M(r) 


(2.5.6) lin» inf ^ 

r “ log[p 3 r ~ ^ 


and for p > q, 


(2.5.7) 


lim inf 


inf loa^P^MCr} 


r » logfp) r 
Next for (p,q)=(2,2), 


> I . 


we observe that 1 ^ 5. < » and choose 


~ (2 for k = 2 , 3 ,... . 


(2.5.8) 

^ proceeding as above, we ^t 


which gives 


log M(r) > A j^l/C^-e) 

\ Vi 


/ '^-“I'^lubrarV I 


4irk''ts£l 
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log[23 Y logC^] 

Substituting the value of log 
we get for (pjq.) = (2,2) 


log V 


k-i 


£-e 


[23 


‘k+1 


log[23 

from (2.5*9) and proceeding -to limits 


(2,5.9) + 

(2,5.6), (2,5,7) and (2,5.9) together prove (2*5.1 ). When 1 = 0, (2,5.1 ) 
is trivially true. A cannot be infinite, since in that case above arguments 
can be repeated wi1ii an arbitrarily large number in place of (.1 - e) to give 
X = “ which is not possible for a function having index pair (p,q). Ihis 
completes the proof of the theorem. 


RHStAEKS. (i) Erom (2.4.1 ) and (2,5.1 ) it follows that for an entire 

o» •» 

/ \ r &■ 

function fCz) * I a z 

k=0 ^ 

(V 5 ^ 1 P = P(U 


where X^» X({k}) and 1^= 1 ( {k > ). Hence if (a ) log^^""^^ 'v 


exists 


Fo-n , V 

log*’'^^ as k-»-“and (i>. ) S = 11m - — ^ 

k^“ , t'l—l]/' 1-1 I l'“1^ 

log*-^ ^ 

then f(z) is of regular (p,q) growth and in that case p = X = E(s). 

(ii) Sor (p,q) * (2,1 ) this theorem is due to Juneja [34 1 . 

r V 

THEDRM 2.4. let f(z) * I & z be an entire function having lower 

H2=0 

(p,q)-order X and let increasing sequence of j^sitive 


integers, then 
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(2.5.10) X > P (£*) 

- X • 

T^eare 

logfP-^^ , 

Hk-l 

(2.5.11) A* H (W» * lira inf-' . ^ . 

k •^- ® logW"^J (' \ - log lajj /an 1) 

\~\-l ^ 

ffiOOP. (2.5.10) obviously holds when £* is negative on zero, "therefore i't is 
sufficimt "to consider that 0 < ^ , iirst let 0 < £* < “. Ibr any e 

such that £* > e > 0 and for all k > U = N(e), by (2.5.11), we have 

i ^ - V ClogfP‘23 X )l/C^*-e)j 

"k-1 "k "k Vl ”k-l 


which gives 


(2.5.12) K j>Ia 1 H exp{-(Xj^ -Xjj )expt'i-23(;iogfP*23x 

k N nj=N+l m m-l %-l 


let, for (p,q) ^ (2,2), 


r^^ = 2 (log^^P-^3 ^l/(£*-s) 

K-1 


and for (p,q) = (2,2) 


l/(£*-e), 

r = exp (2 X ) , k = 2,3 

^ k-1 


2?hen, for 1 r j< by (2.5.12), 


log M(r) >_ log Ja j X_ log r, 
"k \ ^ 

k 


> log }a I - I (X - X )expf'^“^5(log^P“2], ^1/C£’' 

^ ia=N+l m Vl Vl 


Or. 


\ ^k- 
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(2.5.13) 

log MCr) > log }a j - X [p-2] jl/a*-e) 

N ”k \_1 n ^ 


(p,q) ^ (2,2), (2.5.13) gives 



Itence, we get for (p,q) * (2,2) 

(2.5.15) X > X + £* 

(2.5.14) and (2.5.15) give (2.5.10) for the case 0 £ j,* < ». £* cannot 

be infinite since in that case above arguments can be repeated with an 
arbitrarily large number in place of (£*- e ) to give X = «> which is not 
possible for a function of index pair (p,q). Hence the proof of the 
theorem is complete# 
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Oft 

Eat^iS* (i) Erom (2.4.8) and (2.5.1 0) it follows that if f(z) = ^ 
XB an entire function of (p,q)-order P and lower (pjq)-order ^ , then 


a z 
n 




P (il*) < X < p < P(L*) 


y o 


where Xq= x({k} ) and lJ=Z*(-{k>), Haice if (a) log^"^)^ ^ 'v*logf^'"^^X- 

.Cp-H . 


log 

as k (b) S* =: lim ^ ^ ^ - - - 

k-^ » logW- { log laj^,/aj^| ) 


exists, then 


f(z) is of regular (p,q)--growth and in that case p = x =s p(s*^). 

(ii) Itor (p,q) » (2,1 ), Sieorem 2.4 is due to Juneja and 
Kapoor [35] . 

f(z) = I a^z ' oitire furction of lower 

I I ”^'^^^k+1 "^k ^ 

(p>'l)“?5;d6^r X STJch tjtot ’{'(k) = is a nondecreasing 

function £f k tor k > k^, then for (p,q) ^ (2,2) 


(2,5,16) 

where 


X = PCJi^) 


(2.5.17) il = lim inf ' _ . 

k -► «> (n log iaj^l"^) 

\ 

(2,5.16) holds for (p,q) = (2,2) al^^ if further log Xj^_^ 'Vx log X^ ^ k 




^PP^. In view of lUieorem 2.3, it is sufficient to prove that X£P(]l^), 
Since by hypothesis, ^(k) is a nondecreasing function of k for k > k^, 
we have ij)(k) > ij»(k~l) for i nf i n itely many values of k because if it is not 
so,then i|»(k) = i};(k+l) »...,.ad infinitum, for k > k^(say) and so the 
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radius of convergence of ^ . a, z woxfLd be finite and consequently f(z) 

k=0 

ceases to be an entire fimction* i(;(k) -> <» as k -»■ «> » 

Xk 

When ij'(k) > ^ (k~1 ), the term a^z becomes maximum term and we 

have 


K 

uCr) = aj^l T , vCr) = Xjj. for iji(k-l) < Tp(k), 


Now let 6 be as in (2.3.1 ) and first assume that 9 > 0. Ibr any such that 
0 > e > 0 and for all r > r^= r^( s ), we have 

(2.5.18) v(r) > (log^^”^^ r)® ^ . 


\ \ 

Let a^ z and a^ z (k^ > k^, Tl>(k^~l) ^ be ’two consecutive 

maximum terms so that k^ ^ k^- 1 . Let k^ < k <_ k^. Since ^ is 
maximum term, we have v(r) = ^k^ for \J>(k^-'1 ) ^r < il^(k^). Hence, for r 

in this interval 


X,, = vCr) > r)® 

"^1 


Further, since 

i}.(kp = T|)(ki+1) = ---- = ip(k- 13 . 


we have 

(2.5.19) Xjj._j^ > Xj(. > exp^P"^^ (Ti>(k-l)-c)}®"^ , 
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vdaere c = Mn [1,( ■>{< (k^ ) - ))/2 ] * How, since ’J'(lc) is nondecreasing 

loglaj^ /aj^ + ... + log|a|^_j^/aj,| = logiaj^ /a^^j j< )log i/iCk-1), 


and therefore for sufficiently large k, 

iogCq-i3 log Uj^rb 
^ ^ ^ , , < 

logtP"^3 


1 

e-e * 


On proceeding to limits this ineqxiality gives 


(2,5.20) 0 1 * 

Combining (2.5.4) and (2.5,20), we get X » P( e) £ 
Hence the proof the theorem is complete. 


RM^iK, Hieorem 2.5 generalizes a result of Juneja and Sin^ f 5Q 1 
which was obtained for the case (p,q) = (2,1 ). It also includes a result 
of Shah and Ishaq Oil which was obtained for (p,q) = (p»p) or (p,p-1 ) 
and X^= k. 

Hext we have 


EMM 2.6. Let f(z) = Z a z ^ an entire _fi;^ctoon 

kssO -j* "1 Y ) ' ” 

lower (p,q)-order X such that it'(k) = 1 j ^ forms a 

nondecreasing function of k for k > k^, then for (pjq) (2,2) 


(2.5.21 ) X » P(Ap 


where 
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H* - lim inf _ ,-L. .. . 

logk-1] C ..J..,. logjaj,,i/aj,|3 

i2*5*2^ ) Isolds for (p,q) = (2^2) also if fUrtli^ log X^^.j'''log 
a s k . 

We need the follovdng lemma. 


Tj TCM/ta 2,5. Let {X }?_« be an increasing sequence of positiTe integers 




k*0 


and let {a be a sequence of nonzero complex nvmbers such that for 

•, « . - Xi I 1 * 5 U •— -r I I||«W. IVT _ .r 4 Ti-r a f j» . xri 4 -ii _r » r n - »r, 

-1A 

some int^er 9. ^ > I S',, j ^ exp (1 ) for k > k. , for ^ .E^r 

“k 

(p,q) of positive ^tegers ,i^ch tha.tj p^ q^ 1j p^ 2, 

108 ''”^’ S.l S -1 

(2,5,22) lira inf -X-™.,.. . > laminf- » x. . . . 

k -4- ® logl«l-i3( A. log |a }"i) ^ iogkn 

Ui. iC - 1- 1 




ftotjder, eqxx^i'^ ^ (2.5.22) if for k > k^, 

is a nondecreasing function tending to infinity vvith k. 

A.0tu iX'4»-i» T^M-^.mnn -Ml » - i «r R..:. K- 'T ' 44 jr. « . iflfc t' I Vim % r 


1/(x -X ) 

, V 


moOF. Let i* be defined by (2.5,11 ), If i* is negative or zero then 
(2.5,22) obviously holds. Hence we assume that 8* > 0. Bor JJ* > e > 0 
and for all k > N * ir(e), 




which gives 


k rosN+l m m-l m-l 
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or. 


log la < log ja^ }-^ + I (X -X (iogEp-2]^ 

k N m=N+l "m-l ”in-l 

< log |aj^ 1"^ + X {logEP~^3 x )1 /(^*-e) ^ 


\ 


33ius, 


log'-^"^^ C.^ log ja !"^) < 0(1) + - log^P’^^ X 

X_ n,. A*_e 


which gives 


i ”*'*”*’ V 


£* < lim inf 


k-1 


k -»• « logEq-1] ( V log |ajj 1"1) 


'n. 


Next we prove iiie reverse inequality. Since io nondecreasing 

function of k for k > k , we have 0 < S,* < <» . When J,* = oo , the 

o' — — 

inequality reverse to (2.5.22) is trivially true. Hence assume that 
£* < oo . ( 2 * 5 . 11 ), for any e > 0 , 


'^E’^k-1^ ^ exp 1^9] ( ?■„, iogEP-13 X ) 

^ ^ Jl*+e 


for k = k^, k,,..., k "*■ “ 

Sr 


1 ^ 2 , .••, *"t)^*** ^ l*et kj^ > k* — max (k^jk^ )• 

Since, t(hj^) is nondecreasing fxinction of k for k > k^. 


log ja 1 ^=log}a^ I ^+log|ajj /a l+...+logjan /a^ l+...+l 0 gaj^ /ta^^ 

k k£ kj,+l kp kp+1 Ic-l 

-X^ 3 log il^Cn, )+...+ (X -X )log Ti)(n, ) 

kjj+1 ""k^ "k Vl 


=iogia„ r + C ^ 


n. ' ' n. 

•‘s, 

1-1 


> log la r *i\ -X )iog -i)-^-*-*CX )log K;Cnj^_p 

^Si Kp P K k— 1 

> CV-V - Kn ^ .p > cx . -y ^ 

Tc Tc -1 p k k -1 ^ +e k -1 
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Evidently, for every k , there is a positive integer k such tiaat 

p r 

V A A . Thus, we get 

\-1 \ \ “k -1 

w- IV 


logCp-i] X 


- > oL; a+oCD). 


Hence, 


X, 


A* > lim inf 


logfVl] (1 , log [a^ [-1) 


This completes the proof of the lemma. 


KOOP OE THK)E1M 2.6. Since the hypotheses of Lewia 2.5 are satisfied for 

“ ^15- 

exponents and coefficients of the series i a^z , we have 

k=0 

i^o = £* where is defined by (2.5.17). How, using Theorem 2.5^ we get 
X=s P(jIq) = P(Jl*).This proves the theorem. 


~ X, 


COROLLARY. Let f(z) = I a. z be eua entire function of lower (p,q)'Order X 

k=0 ^ 


Let {X }, „ be the principal indices and p(n, ) be Jump points of the 
“k ^ —---r 

central index of f(z). Then, for (p,q) / (2,2) 


(2.5.25) 


X = P(V) , 


where 


V * lim inf - — -- 

k -♦• «> logWl pCnjj) 
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(2*5.23) holds for (p,q) == (2,2) If further log \ log X 

as k . 

(x) Theorem 2,6 can altematirely be picved by using Theorem 2.4, 
Thus, since ’{'(k) is a nondecreaing function of k for k > k^, proceeding as 
in the proof of Theorem 5 we get 

where 9 is defined by (2,3*1 ) and c is a constant less than or equal to 1 , 
Putting the value of ’f’(k-l ) and proceeding to limits after some simple 
calculations, we get 6 , Now using Lerama 2,3, the last inequality 

gives X = P(9 ) £_p( Iq ), Put by Theorem 2*4 we have X ^ , hence 

(2.5*21 ) follows, 

(ii) in alterative proof of Theorem 2,4 can be given by using 

l.emma 2,5 and Theoron 2.3* Thus, since f(z) is eua entire function 
"I / _ 

ja 1 > exp^^ -“(l ) for k > k , hoice by (2.5,22), £, vdiere A 

\ ° 

and are defined by (2*5*3) and (2*5,11 ) respectively. Now using 

Theorem 2.3? we get X = P(Jl)^P (^*) which proves (2.5*1 o). 

X X 

(iii) The above corollary generalizes a result of Gray and 
Shah [26 ] which was obtained by a different technique for (p, q) = (2,1 ) 
and k. 

Now we prove the main theorem of this section. This gives a complete 
coefficient characterization for the lower order of those entire functions 
whose index pair is other than (2,2). ibr (p,q) = (2,2), we obtain the 
coefficient equivalent of the lower (2,2 )-c£rder, under the additional 

CO 

condition log X a, xog X as k , {X being the sequence 

iC"*1 ^k iC 

of principal indices of the entire function under consideration. 
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V \i 

THjEXKM 2.7» Let £(2) = I a 2 be an entire function of lower 


n=0 


(p,(l)-order \ . !Eh^ for (p,q) (2,2) 


(2.5.24) 

(2.5.25) 


X = max [PyCA)] 

in,} 

= max [P (Jl*)3 

{n.} ^ 


where X » H axid Si* are defined by (2.5.2), (2.5.3) and (2,5.11) respectively 
and ma!c j .m.um In (2.5.24) and (2.5.25) is taken over all increasing sequences 

•Coj^} of natural numbers. Purther, if principal indices of 

f(z) such that log X„ log X as k -»■ ® , then (2.5.24) and (2.5.25) 

Vi “k — 

hold for (p,q) = (2,2) ^Iso. 

00 ^n^ 

IROOP. Consider the function g(2) = J a z where {X are the 

k=0 “k 

principal indices of f(z). It is easily seen that g(z) is an entire function 

and that for any z, f(z) and g(z) have the same maximum tern. Hence by 

(2.3.3) and (2.3*4), (p,q)-order and lower (p,q)-order of g(z) are the same 

as those of f(z). Thus g(z) is of lower (p,q)-order X . Purther, since 

1/(X -X ) 

\+1 \ 

’{'(li,) - la^ /a„ 1 is a nondecreasing function of k and for 

^ “k °k+1 

(Pjq) = (2,2) log X log X as k ^ , g(z) satisfies Hie 

Vi “k 

hypotheses of !IheoreiDs2.5 and 2.6. Hence by (2.5.16) and (2.5.21) 


(2.5.26) X = '’x({n,}) («<"!£>» = '’x({n,}) CX'CfatH), 
But by Baeorms 2,3 and 2.4 



(2.5.27) 


Zly "’xtf’hH 


and 


(2.5.28) X > max [P a*C{n^}))3. 

Now combining (2.5.26), (2.5.2?) and (2.5.28), we get (2,5.24) and (2.5.25). 
Hence the theorem. 

, , ” \ 

^Cz) = t a.z he ^ entire function of (p,q)-order p 
k»0 


and lowe3^ (p,q)-«rder X . Bien for p > q 
(2.5.29) 


logfP“^3 Xj j 
X < p lira inf ~ ^ 


k -> CO log[P"l] Xj^ 

(2.5.29 ) ,^lds for P * q ^ 3 al^ if jt d.efin^_^ ^ (2.5.3) is great^ 
or equ^ to 1. 

IB^ (2.5.24) and (2.4.1 ), if p > q or if p = q ^ 3 and £ ^ 1, then 

iog[J’“''3x 1 

X < (lim sup "'7 ‘ '7_1\) (^Jlija inf -- - 

k -—log ja^) ) k ->■ « T^„[p-1]. 


log 


7 


logfP-^lx 
p lim inf -'"'r-.,- 

k 00 logi^ J 


k-1 


RMLAEKS, (i) (2.5.24) generalizes a result of June j a f341 and (2.5.25) 
generalizes a result contained in [35] . Both of these results were 

obtained for the case (p,q) = (2,1 ). 

(ii) The corollary generalizes a result of Whittaker [951 which 
was obtained for the case (p,q) = (2,1 ). 



CHAPTER 3 


fp^q)~TIPE Aim LOWER (Tp,q)-T1PE OF AN EETIEE FinCTION 

3.1 a In this chapter we continue the study of our classification schaae 
as introduced in GQaapter 2. In Section 2.2 we have seen that if two 
entire functions are of the same (p,q)-order p f then (2.2.1) does not 
give any precise estimate about their relative growth. Ihus, for the 
specification of rate of growth of such functions we introduce the concepts 
of (p>q)-type and lower (p,q)-*type as follows. 

LEPiniinOT 3.1. An entire fimction f(z) of (p,q)-<y:^er P is said to 
be of (Pjq.)“type T and lower (p>q)“tj25e t. If 


(3.1.1) 


"" E = iiB lo/' 

t t(p,q) r -»• “ inf Clogf^.'llr)^ 


(0 < t < T < «) , 


An entire function of -regular (pjq)-growth is said to be of 
perfectly regular (pjq)-^rowth if T(p,q) = t(p,q) < «> , 

(Hie (p,q)-growth numbers are defined to facilitate the study of 
growth of the central index of an entire function. Ihus we have 

PEHjJIIIQN 3.2. ^ en'^jre funcinon f(z) ot (p,q)-order P 
(p,q)-^owth nuaber v and. lower (pjq)-]©’?^.^ 6 j if 


(3.n2) 


U=y(p,q) sup iog[p-l] vCD 

~ Xxm ’ *' n 

r « inf 
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where v (r) ^ the cejijral, index of f(z) for |z| = r, ami 
(3.1 •5.) A = 1 for (p,q) * (2,2} and A = 0 otherwise. 

In the following sections we obtain coefficient equivalents of 
the constants dofined in (3*1 *l) and (3*1»2) and find some relations 
involving (pjq)’~type, lower (pjq)“'t!ype and ratio of the two consecutive 
coefficients of the oatire series (2.1,l). 

Ihe notations used in this chapter are the same as those given 
in section 2.2. Also, we shall assume throughout this chapter that, 
the entire function f(z) is represented by the power series (2.1*1 ). 


5. 2, In this section we obtain a complete coefficient chaxacteri2ation 

of (p,q)-type of an entire function. Ihus we have. 


jPHEqEM^3«le 


Let f(z) = I 
k=0 



be an entire _:^nc tion hayh^ 


(p,q)“Order p and (p»q)-V£® 


(3.2.1) T/M - lim sun . 


(log* 


where^ A is defined by (5.I.3) a^d 


(3.2.2) ^ « (2,2) 


_ 

ep 


if (p.q) = (2,1) 


= 1 


for all other index p^rs Cp,q) , 
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PEOpiP: Eirst assume that T <oo. By given e > 0, we havej for 

all r > r^= 

log M(r3 < { (T+e) Clog^^-”^^ r)P}, 

Using Cauchy’s estimate this gives for all k and all r > , 

(3»2,5) log ja^^l < exp‘-P“^3 {(T+e) (log‘-P“^^ r)°} - Xj, log r. 


let, 


= C-‘- logtP-^J 1)1 /Cp-A) _ 

T+e p 


Ihen (3e2.3) gives for all k > and for (p,q) (2,2) 


log la,^l - C- f - log^^"^^ 


ic‘ p 'k 

and so, for (p,q) ^ ('2,2), 


T+e 


(3,2,r4) 1 sup 

k "+ «> 








aog«-*J |a^| 

Itor (p,q) - (2,2), using (3o2.3) once again, vie get for all k > k^, 

, , ^ cp-i) , ^ic 

los l^lci ^ - p IpCTw)’ 

and so for (p,q) = (2,2) 


(P-I) 


P-1 


^ lim sup . ..... 

n I 

Clog [ajJ ) 


(3.2.5) 
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(3*2.4) and (3*2.5) obviously hold if T = « « 

Ob prove the reverse inequality let lim sup in (3*2.1) be 3 * 

Since for 3 = ^ this inequality would be obvioiiSj we assume that g < <» . 

Eor any e > 0. we have for all lc>k=:k(£), 

0 0* 


(3.2.6) \\\ < exp {-X^^ 1 ,^k^/(P-A) 


3+e 


}. 


How, 


KCr) < ^ |a},| r ^ = A(k ) + I 

k=0 ^ k=ko+l 


^■•k " 


'k 


l^kl ^ I l^ki > 

k=S+l 


where A(k ) is a polynomial of degree at most k and 


S = [exp^P‘23 {(g+e) (log^^-^^ 2 t)^”^}3. 


The last inequality in view of (3.2.6) gives. 


(3o2»7) M(r)<ACk )+S max [exp{-Xjjexpl^‘l"^^ C— ^ (P-A) ^ 

k>0 


Let, 


wtiere, 


log H(r) = max "t^x^ » 

0 < X < “ 


-X expf*^"^^ + X log r j L* 

3+e 


1 

p-A * 


P assumes its inaximum v^lue at a point x satisfying 
X o 


8 II 
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(3.2.8) exp 


[q-23 '■* ^[,-2] ('% 

t i - tm. ^ tm.mr x-i ^ lllir 

' ^[p-2] (^) 


T. 

3+e ■' 


« log r. 


x^ is uniquely defined by the above equation since r ■+ <» and we may confine 
to large enou^ values of r for which the left hand mmber of (3.2.8) is 
strictly increasing function of x* 

^ (3.2.8) 


(3.2.9) P 


logfP'^^x 


A[p-2] (^o) 

Ibr (p,q) * (2,2), (3.2.8) gives x * ( P+e ) { (log r)/ (l + 


and so 


C6+e) L* 


log H(r) = 


(1+L*)/L* 


Using (3,2.6) and (3.2,7)^ for (p,q) = (2,2) this tiltimately leads to 


P-1 


(3.2,10) lim sup 0. 


r -»■ » (log r)f 


(PjQ.) = (2,1), (3.2.8) gives (P + ® } and therefore 

log H(r) = <( 0+ e ) I* r /e. Using (3.2.6) and (3.2.7) for (p,q) = (2,1 ), 
we get, 

(3.2.11) lim sup ^ 0/ep. 

T ^ ^ kP 
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Further, £Qr all oatire functions having Index pair (p,q,) such 
that p ^ 3> (3«2.8) gives x^ = exp^^^{( 6 + e ) (log^*^ ^i')*^)’and so by 
(3*2.9) we have, for p ^ 3, 

log^-^^ 'u log Xq 'V' {(B+e) (log^’^'^^r)'^} as r -*■ ». 

o 

Now by (3,2.6) and (3.2.7), for sufficiently large values of r 
we have 

M(r) < logf^) H(r) (1+0(1)) 

'V. {(B+e) (log^^l'^^r)*^} as r -► ». 


lihus for entire .functions having index pair (p,q.) such that p ^5» 


1 • log^^”^^ M(r) 

Ixm si:5> ■'•<&. 

r -► 00 (logf*!”^! r)*^ 


(3-2ol2) 

Combining (3.2.10), (5.2. 11 ) and (3.2.12), we get 


(3.2.13) 


r ^ « (logW"!] r)*^ 


(3.2*4), (3.2.5) and (3.2.13) together prove the theorem, 

RBM^. (3.2.1) generalizes a resvat of Sato (^3 yMch he obtained for 
entire functions with index pair (p,1 ), (3.2.1 ) also inclvides (1.4.9) 

for X^s* n and 1 < < », p * 02 * ... * = 0, 
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3»3» la this sectioa we obtain coefficient equivalenis of the lower 
(p»Q.)“type of an entire function* Theorem 3*4 gives a formula for the 
lower (pji)— type of an entire function when the coefficients of its power 
series (2*1.1 ) do not vary too rapidly. In Theorem 3.5 we find a 
coefficient fonnula for the lower (pfq)— type of the entire functions 
whose sequence of principal indices such that 

X Xjj as k 


Tirst we observe that a coefficient formula analogous to (3.2,1 ) 
does not hold always for the lower (pjq)-type of an entire function* 
This can be seen by the example given in section 2.5. In that example, 
it is easily seen that if q >2, then T(p,q) » t(p,q) =» 1 while 


rtP-23 


lim inf 

k -9- CO 


(log 


Eq-1] j |-^/\^p(p,q3 


However, the following relation always holdsj 


A 

THffiEM 3.2, Let f(z)=! & z entire^ furctipn ha-ving(p,q)- 

^ 00 

order p _a^ lower (p,q)*-j^e t and let ^ ^ 


of pp^sitivje int egers. ®ien 




(5,3,1) t/M G lim inf 

k » 


|a„ 

k 





where A emd M defied ^ (3*1.3) a^. (3*2.2) resjwttvely and 


(3.3.2) G = G({na) = lim inf ( for (p,q) = (2,2) 

k 


* 1 for all other index pairs (p,q) 


KOO^P. Let, 




lim inf ~ - - > .. 

k -♦■ w r n 

(log^^" [ajj 


k-1 

-l/K' 


= 


n 


k^P-A 


Then, 0 g* < « , Birst assume 0 < g* < “* !Ihen fer any e satisfying 

g* > e > 0 and for all fc > k » k (^), 

O 0 


M V 

/ V II r ; [q-21 , "k-Li/(p-A) 

(3.3.3) |a« I > exp Ux era*’'* ■* — 3 

\ "k e ~e 


} . 


Let, for (p,q) (2,2), 


Mlog^P"^^ \i. 


log r, * {M* + (-> - • 

K g*.e 


k = 2, 3,.,., 


where ~ 1/p if (p,q) * (2,1 ) and M* » 1 for all O’ther index pairs 
(p,q), Ihen, for \ ^ and . (p,q) / (2,2), (3*3.3) gives 

M log^'^^X„ 

logMCr) > - C' ' + X log 

k 6*-e \ 

“«* V 


\M* /$*-e [q-l] f 

>M* exp^i' J {P„. («,piH 
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Hence, for (p,q) (2,2), 


(3.3.4) 


t > 6* . 


Bor (p,q) » (2,2), let 


(3.3.5) log rj^ « ( J':A)^>'(f^l)p-l/(p-l)^ Ic e 2,3,.. 

3*-e 


Since in' tiiis case p > 1, therefore log r^ is an indefinitely increasing 


function of k. let ^ ^k+1* using (3*3.3) and proceeding 

as above, we have for (p,q) = (2,2) and for sxifficiently large r, 


^ "k-l^l/(p.l) -p/Cp- 1) 

log M(r) "k B*-e 

(log r)P (log 


Putting the value of log from (3.3.5) and proceeding to limits, 

we get 


(3.3.6) 


t > G 3 *. 


(3.3.4) and (3*3.6) hold trivially if $*= 0 and if B*" a » above arguments 
can be repeated with an arbitrarily large number in place of (3* - e) to 
give t s* " . Hence the proof of the theorem, is complete, 

* ^n 

COROlG^y 1. Let f(z) « I a 2 be an entire function having (p,q)-- 




positive integers* BiQif 


logtP-21 X, 


(5.3.7) lim inf — ' 

" (logh-ll |a„ r 

k 
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where A, M and G ^ defied ^ (3.1.3)j (3.2.2) ,^d (3.3.2) 
respect veljr ^d 


Xj^ 


H = H({n^J) = lira inf ' 

k -»■ » logtP“^3 X. 


k-l 


\ 


» X- 

2* LeJ: fCz) *= ^ a z be an entiire ^mlipri ^-ving (pjO,)”" 


n=0 


p:^er p ^d lower (p>q)-tjpe t md lej: be an increasing 

secjuence of positive integers such that ^ log^^”’^^X ^ 

..... . . - . . ...» . ... ..... - .... 

k 00 , then 

^ VS* 


log 


[p-23 


-1/K 


(3*3.8) tAl > lim inf - — 

Clogh-l] la I " V^ 
”k 


where A and M are defined by (3*1.3) and (3*2.2) respectively. 


COROlLffiY 3. If 


(i) Xj^_j logfP"^3 Xj, as k 


(ii) W = lim 
k -+- « 


log 


[p-2] 


(log 


Cq>l3 


k 

-^/^k o-A 


exists 


1^1 ) 


where 


0 <pj W <«ojp^q, p^2 and A ^ defined ^ (3*1 *3 )» 


f(z) « 2. ® is entire function of perfectly re^ilar (p,q)- 

grow thy having (p,q)-order p and (pjq)-l^e MW, where M^ defined by 

( 3 . 2 . 2 ). 
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. A result of Basinger [^]and (l*4.9) for = n, 1 < < » 

and p - “2 “ ~ follow as particular cases of iHbeorem 3.2 

by taking (p,q) = (2,1 ) and (p,q) = (2,2) respectively in (3-3.7). 

5br the proof of our next theoreia we need the following 

leium* 

“ \ 

I,Bm3.1. let f(z) = ^ M an entire ihnction tovic^ 

k=0 

(p»<l)~o:rd.®3P p , (p,q)-type T and lower (p,q)-t^e t, tten 


(3»3.9) 


T 

t 


Sl^J 

lim 

T inf 




where m(.v) is the maxijrruEi tem of f(z) for Izj « r. 

Proof of the lamna follows easily by using (l ,6 ,2 ), hence we 
onit its proof. 

“ ^k 

THBOEM 3*3» let f(z) = 'l a. z entire function havji^ 

(p»-Q.)~ 02 ?der p and lower (p,q)-"type t such that '{)(k) = |aj^a^_^^ | 
is _a nondecreasin^ function £f k for k > k^ , then 


(3.3.10) 




t/M ^ lim inf - 

k -> «> r n .-1/X 

ClQg^*^” ^ jaj,' 


I ") 


Kp~k 


where A and. M are defined by (3.1.3) a^d (3*2.2) respectively. 

_HIOOP. Sirs t let 0 < t < * . 33ien by (3.3*9) for any e satisfying 

t > e > 0 and for all r > =* 
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REEIAj^^ . A resijlt of Basinger [_8]and (1.4.9) for = n, 1 < < » 

and p = 02 s= ... = 0, follow as partictilar cases of Theorem 3*2 

by talcing (p,q) = (2,1 ) and (p,q) = (2,2) respectively in (3.3.7). 

Ibr the proof of our next theorem we need the following 

lemma* 

IiMM 3 . 1 . IiS't f(2) = ^ a. 2 ^ entire function havi^ 

k=0 - . - 

P f (p»9)“?jyp® ?:hd lower (p>q)“t;Q>.e t, tten 


(3®3.9) 


T 

t 


sup 

lira 

r " inf 


(r) 

Clog^9"l3r)^ 


where u(r) is the maxitnum teim of f( 2 ) for {zj * r. 

Proof of the lemma follows easily by using (1.6,2), hence we 
omit its proof. 

" ^ 

TlffiCRM 3*3, let f(z) = I a, 2 an entire ft^tion hayi^ 

1/(X - Xj^) 

(p#-9)~<3i^e^ p and lower (Piq)“type t such that '|)(k) = l®3s/®k+l ^ ^ 

is ^ nondecreasiiig j^ction £f k for k > k^, then 


(3.3.10) 


t/M ^ lim inf 
k -»■ «> 




(log 


[q-H 


-1/X 


k^p-A 


v^^e A md M defined by (5* 1*3) , and (3.2,2) resjjectively. 


HIOOP, lirst let 0 < t < * , ihen by (3»3»9) for any e satisfying 
t > e > 0 and for all r > = r^(e), we get 
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(3.3=-1l) log y(r) > {(t-e) (log^^”^^ r)^}. 

Let z and z (icj > ij/Ck-j-l) ^ rj) be tvro consecutive 

naximtci tercis of f(z). Then since 4'(k) is a nondecreasing function 
of k for k > k^ , we have for fc-| £ k £ kg-l } 

(3.3o12) ip(ki) = t{)(k^+l) = ... = ,f,Ck) = = ,j,Ck2-l) 

and 

X 

(3«3-13) |aj^| r ^ = joj^ | r for r * if»(k), 

(3'*3o1l)j (^•.3-'’2'' and (5*3»'13) give 

(3*3»14) log |ajjj + Xj, log ij^Ck) = log jaj^ | + Xj^ log ifj(k 2 -l) 

2 2 

> { (t-e) (log^^"^^ '{'(k))^}. 


Let, 


X = 


log^P-^^Xj,.! 

(logio-'i 


Hien, using (3®3«14),we get 


(3.3.15) 


logtP”^5 Xj^.l 


exp[Cp-A)log^^'*^^ exp^P”^^{(t-e)(log^‘l’’^^^ft(k))f'> + log tJfCk)}] 

^k 
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We note that the ■minteum "value of the function 


logfc-2] 

®i'p[tp-A) {- + log r}] 


is at"tained at a point r = satisfying 


^[p-2] ^Ct-e)(log^^"^^ r)^} Xj 


Atq.ljCr) 


Hence it can be easily seen that 


? ep(t-e) for (p,q) « (2,1) 


(3«3,16) S(i^(k)) iSCrj^) > , pP(t-e)/(p-l)'’"W (p,q) = (2,2) 


’ (t-e) ( 1 + 0 ( 1 ))“^ fox all othex index pairs (p,q) 


(3*3«15) and (3-3-16) give lim inf X>t/M, This inequality is obvious if t-0. 

h -»■ 00 

When t = “ , above arguments with an arbitrarily large number in place 
of (t — e ) lead "to lim inf X = « . ’ This completes the proof of the 

k ->■ oo 

theoremiT 

ETMAEK.E ResTolts of Baainger [8] and (l-4«9) for = a, 

1 < Kj < 00 , p = a^rs ,,, ss Oj^sj 0, can be ob"tained as par"tioular 

cases of Theorem 3«5» l>y talcing (p,q) = (2,l) and (p,q) » (2,2) 
respectively in (3-3-10)- 


Combining Theorems 3,2 and 3*3 we get the following theorem which 
generalizes a result of Shah [^] and (l»4*9) for X^s= n, 1 < < “ 

and p *.. = 0 ^^= 0. 
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JPHEOREM 3*4-. let f(z) = \ a^z be an entire function having 

(p,''q)-order p and lower (p,q)-type t such that 


(3e3»17) 


1/(^, \ ) 


is a nondecreasing function 


of k for k > k ; 
— — _ 0 


(3.3=18) logfP“^3 'v, logf^P"^^ 


X, as k -5“ «, 


then 


t/M * lim inf 

k -»■ 00 


log 


Ep-23 


^k 


'k-1 

-1/X 


(3o3o19) 

^ “ r n 

where A and M are def^^ (3»1*3) and (3»2*2) _res^_^tiy^y; . 


k^P-A 


REMA RK w.; A sort of converse of dorollary 3 to Oaaeorem 3.2 is also true 
as is evident by combining liheorecB 3. 1 and 3.4. SQius, if (3.3.17) and 
(3.3.18) hold and if f(z) is of perfectly regijlax (p,q)-growth, i.e., 

leg Ep-23 

Q. < 1 =5 t 00^ then W= lim 1 , - exists. 

k 00 r •! 1 **^Ai 

Now we prove oixr min theorem of the section which is coefficient 

equivalent of the lower (p»q)-type t for all those entire functions for 

which the principal indices )wo satisfy the asymptotic relation 

°k 

logEP~^^X^ logE^ as k •> » . 



78 


THEOEBfl 3»5* let f(z) = J a z ^ ^ enti:re funciaqn hay^g 


n=0 


n 


(pyq)-2,rder p and lower (pjq)-tyj»e t and let {X ^ aecjuence 


of princip al indices £f f(z) such that log^^^^x 'u log^^^^X as 

^-1 \ 


k 


, then 


(3.3.20) t/M= max [G({mj^})liin inf- 
{mj^} k » 


Sc- 

- .lA 


(log 


[q-13 u I Xp-A 




y 


where A and M are defined ^ (3.1,3) and (3.2,2) and g( { e^} ) In define_d 

an in (3»3.2), Ifeximum in (3.3.20) is taken over all increasing 

00 , 

sequences{ ^k-O natural numbers, 

CO 

IROOP . Consider the function g(z) = a z . It is easily seen 

”” k=0 “k 

that g(z) is an entire function and that, for every finite z, f(z) and 
g(z) have same maximum term. Hence in view of Lenmas 2,1 and 3,1 > f(z) 
an<l g(z) have same (p,q)-order and lower (p.q)-''type, 33ius g(z) is 
of (p,q)-order P and lower (p,q)'-type t. Since 


log 


[p-2] 


n 


k-1 


'vlog 


[p-23 


V(x„ -X„ ) 


X as k <» and 'j»(njj) = la^ /a^ 

V 


’^k-i-l "k 


VA.I 


forms a nondecreasing function of k for k > k^, g(z) satisfies the 
hypotheses of Sheoren 3.4, therefore by (3*3.19), 


X. 


(5,3.21 ) t/M = GCCnj^}) lim inf 

k « 


n- 


(log 


k-J 

-1/Xt, 

[q-13 J ^P-A 
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i\irther, by Eheorem 5«2, 


log'P-'^X 


(3«3.22) 1 ^max [G({n^}) lim inf ^ 

k ->• « 

(logh-il 


\-i 


ta^} 


-i^V 


3 . 




p-A 


Gonpariag (3o3c>21. ) and (3*3»22), we get (3*3*20), Hence the theorem,. 

3c4o In this section we find some relations invol-ving (pjq)-’type, 
lower (pjq)-'type and ratio of the two consecutive coefficients of the 
entire series (2.1el)a 

We first prove a lenma. 


LEMMA 


00 

3a2. Let { a^ ^ a- sec^uence of nonzero comply nijabers and 


let {X^ if. ^ increasing sequence of positive integers such that 

rQ“2 1 

_for soi^_^teger q ^1* 1 ! ■^>exp^^ f o r ^LL k > » 

Then , for a pair of jintegers (p,q), p^ q _> 1 jP ^ 2, 


H 


(3.4r1 ) YH <_ lira inf 

Ic. CO 


^ liin sup 
k 


iog^P"23 xj,_i 


where 


(log 


[9-1] U I 


y 


M log*^P"^^ X, 


(log 




log 


[p-23 


< X'Q 


At 


k-1 


(3‘34c2) r = Rfp^q) = lim inf ■ 


(3<.4<.3) Q = QCP»q) = sup 

k 00 


Xjj 
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A is defined by (3*1 -3)* p is siich that A < d < <»» M is defined by 
(3.2,2), X « 1/p for (p,q) = (2,1) or (p,q) = (2,2) ^^d X = 1 for all 
oth er pairs of integers (p,q) , aM 

y .jJ. fQj, (p,q) » (2,1) 

(P ■^) ^“for(p,q) = (2,2) 

* 1 f£r all other J^alrs of integers (p,q), 

a being giv en 

a =3 Ito inf ( \ ./ X ) . 

]c CO ii- I XL 


PR0£|;. let, 


(3o4»4) d = dCp,q) = lim inf 

Ic 




and 


(3,4,5) D = D(p,q) = lim sup « 

Ic 03 


M Xlc. 




T 


!I!hen the inequality (3,4»1 ) is equivalent to 
YE<.dlDlXQ. 

The l ef+ hand inequality, viz., Y B ^ d is obvious if R is ne^tive or zero. 
Hence w.e first assume that 0 < R < ® . fbr any e such that R > c > 0 
from (3*4.2) we get 





for all m > IT i= ir(£). Writing the above inequality for m *= U + 1, 

IT + 2, ,..,k and adding all sunh Inequalities, we get for all fc > it 

k 

log Kl-l < log |o„|-l . i (x^ . x„.j) Fi(x^i) 

nt»N+i 


where, 


FjCt) = (Clog^P'^^ t)/(R-e)}^^tP-‘^5 . 


This implies. 


(3.4.6) log la^r^ < log ’ % PiC\t3, 


where 


d(FjCt)) ; n(t3 = Xj^ for Xjj|_j < t X^^j. 


(3o4«7) ICVP^pIa/ 


„ ,logfP“^3t 1/CP-A) 

^[q-23(‘ ■> 


log[”'l t 


1 /k-1 ‘ 

ip-Ai ^- 


fP*^3t,l/(p-A) 


, [®3 4 . 

n log*- ^ t 

n^O 


- dt 
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Jtor (p,q) « (2,1), by (3.4.7) 

r 

Xx 


Tri ^ 1 A-1 . 1 


Hence, by (3.4.6), for all k > N and for (p,q) * (2,1 ) 


^1 ^ < 0(1) + ^ log _ i . x^). 


- \-l 1 


which gives, 


I ^k-1 

loH lajj-l < 0(1) + log p— ■ - (o-e) . 


Therefore^ for all k > N and for (p,q) * (2,1 ), 

> (R-<) . 


^k-1 
eP 


We thus have for (p^q) « (2,1 


(3.4.8) d > R. 


Jhr (p,q) == (2,2) , by (3.4.7), 

P“ Xjj 

1 , 1 ,1/(P-1) r.P/(.P-'^y 
“ p %-c’ 'Vi ■ ^ 

Hence j by (3.4*6 ),for all k > F and for {p,q) » (2,2) 


log la,^ 


-l/K 


< 0(1) . 


\-Kl/(P-l) 


1 \-U 





Tirierefore,for (p,q) .» (2,2) 


lim inf t 

k -)- « pP _1/X 

(log iaJ 


P -1 


h'-} > CPri^f". 


R(1 > £L)-tp-i) 

p p 


which implies that ‘for (p,q),a (2,2) 


(3-4,9) d ^ R “ rP-l-^P-l 


1 /(P- 1 ) 

P P-a 


linally, for the index pair (p,q) such that p ^3, (3.4.7) 


gives 


^ exp 


,[p-2] 

? 

R-e" 




GCt) dt. 


where 


G(t) = 


^[q-3] 


C 


log^P"^^ t.l/p 


P -2 

n logi"'-* t 
m=l 


R-e 

rW 


Gr(t) is a decreasing fujDCtion of t and tends to zero as t^ “ , ilherefore, 
for the index pair (p,q) such that p^ 3» 

ra -21 % J/P 

> 6:q,Kl 2] CX^.i - Xn5 =»1c-i)- 


Hence by (3.4.6), for all k > N and for the index pair (p,q) such that 
P 

log |a^ 1 ^ ^ (.u .») ^ (l-ofl)). 

^ - R-e 



84 


This, for the pair of integers (p,q) such that p > 3,’ gives 
(3»4.10) d > E , 


Combining (3.4.8), (3.4.9) and (3*4. 10), we get 


(3.4.11 ) d > Y R . 

(3.4.11 ) is obvious when E = 0 and when R « » , then the usual 
arguments give d = «> . 


To prove the relation D £Xq we note that Q can not be 

-l/x. r — 21 

negative, for, this will contradict the hypothesis > exp^*^” "^(l). 

Row we first assume that 0 < », Then by (3*4*5), for any e > 0 

and for all n > N = N(e), we get 


Writing the above inequality for m=»E + 1,ir + 2, ...,k and adding 
all such inequalities, we have 


log 


i-l 


log 


iNi 


!-l 


k 

I 

in=N+l 




where, ^^(t) = 
for all Ic > E, 


exp 


[q- 23 / lo^5'“^Jt 
'' Q + e 


1/(P -A) 

) 


This implies that 


(3.4*12) log > log + Xj, - SCxj,) - F2CW 


SCXj^) = / ^ n(t) d(F2(t)) ; n(t) = for < t ^ ^ 

^N+l 


where 



Now, 


(3-4.1,) sex,) = 

Vl P-2 r 1 


P-2 r , 

n logW t 
in=0 


dt 


<.1.A ‘^h-2]' 

^ QA J - V , ,'S - 




Vl P-2 j- , 

E logi®'J t 


^ dt . 


BpsO 


(p,q) » (2,1), by (3.4. 13), 


dt = i (X, - 

'^N+1 


Henoo by (3.4*12), for all k > N and for (p,q) « (2,1) 


log|a,|-l > 0(1) . i log (X,/(Q«)) - i CX, . X^,,), 

which gives, for (p,q) « (2,1) 


(3.4o14) 


P ® 1 Q 


ibr (p,q) a (2,2), 


sexj.) < 

K — p-1 J ^Q+e'' 
^N+1 


dt 




r P/(P-1) -P/(P-1)^ 

^ K “ ^+1 J 


Hence by (3.4.12) for k> N and for (p,q) « (2,2) 


iP/(p-l) 


lo*Ki-l>o(l).T^^..-^^,,.^ 



which, gives, for (p,q) * (2,2) 


(5^4.15) 


P D < Q* 


Jinally for the pair of integers (p,q) such that p > 3 


. 1 r» 21 

— P Q+e 


k.l/P A 

[(/ + / _ ) H(t) dt]. 


N+1 


[*^vl 


where 


HCt) 


_ Q+g J 

iog["] t 

in=l 


H(t) is a decreasing function of t and tends to zero as t Hence 




(3.4«16) SCXj,) 


Now by (3, 4*12) and (3.4#16), for all k > N and for the pair of 
integers (p,q) such that p ^ 3, we get 


log 


Ep-2] 


log lant"^ > 0(1) + \ (.>, (1-0(1)), 


Q+c 


and therefore for the pair of integers (p,q) such that p ^ 3 


(5.4*17) 


D < Q 


(3*4a14)j (3«4«15) and (3*4.17) together give 
(3.4.18) D<.XQ. 

ihe last inequality is obvious if Q * » » (3*4.11) and (3.4.18) together 

prove the lemma. 
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J*®?. f(z) ^ I a. 2 be an entire function having 


k»0 


(pj (l)“0^d^er p j ^^'"i?9rP® ^ jLower (pjq)-»iype tj ‘then 


(3.4.19) YR < t 1 I < X Q , 

^ are defined as in Leiaaa 3.2. 

r ^k 

Since f^z) * )_ a z is of (p,q)-order p . the relation 

k«0 ^ 

(3»4«1 ) holds for its coefficients viriLth p occuring there as (pjq)-order 
of f(z). Now (3.4.19) foUowsjSince by applying ffheorene 3,1 and 3.2 it is 
e-vident that D can be replaced by (p,q)--1ype T and lower (p,q)-type t is 
greater than or equal to d,vdiere d and D are defined by (3,4.4) and (3,4e5). 

mt^S (i) Erom (3.4.19) it follows that if log^^”^^ 'v- logl-^'"^^ Xj^ 

as k -»• « and R =» Q, thai f(z) is of perfectly regular (p,q)-growth, 

^t converse of this need not be true as can be seen by the following 
examples 

2 

let f(z) = e^ + e^. 


Here (p,q) = (2,1 ), P = ^®2, T»st = 1 but E = 0 and Q = " , 


(ii) (3.4.19) generalizes a result of Juneja [^] which was 

obtained for (p,qi) = (2,1 ) and Xj^ =» k . ibr (p,q) = (2,2) and X^= k, 
(3.4*19) inclxides a result of AwasthL [j4 3 . 


00 

IMM 3.3. let ££ 

{X ^ be an increasing sequence of positive integers sxich that for 

Ic Vk-* W H.i. i--ri}«iC , -W «n-« _'(r. * jr%.- .r r_ -Vi -<nw».r^r r.'.*'— * «- *i; v ,:fc, v ^ 

k>k^, is a nondecr^si^ fmction 

ten din g to in^M'^ 


D <X Q < 


XD 

M' 


(3.4.20) 
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^ a.® 3.2 md M sp^ D i^e defin^ 

by ( 3 * 2 . 2 ) and (5.4.5) respectively. 

KOOP. ELrst let D <», iThen for given e > 0 and for all k > k = k (e) 


0 0 


fp«»2 J 

(3.4.21) log > Xj^ „,^lc^l/(p-A3 . 


Since 


log |aj^| ^ « log +log lV\+l} ^ *•* 


1 log lajji" + (X - X ) log i|;(k - 1), 


using (3*4.21 ) 


M logtP-23 Xt 


and therefore j 


log 


[p-2]. 


■« .. n*r«,.-*Ufc>v 11*- -m. ^ J Vi*r .1*- .< .r\ 

(log^‘^”^\(k-l)f 


D + e 
M 


Now, on proceeding to limits Q ^D/lffi. When D * », this inequality is 
obviously true, 33ie other inequality of (3.4.20) is contained in 
(3.4*1 ). Ifence the proof of the lemma Is complete. 

r ^k 

TiffiORM 3.7. Let^ f(2) = I a. z be an entire function having 

k«0 -j /(x X ) 

(p,q)*^rder P_and (p»q)“tyjie r_^ch that t(k) = 1 ^ 

is a nondeci^asimg function of kfor k > k^, 

XT 

T ^ X Q ^ ~ 


(3.4.21) 



89 


where X and Q are ^ defined Inltgre^ 5.2 _and M ^ _de£med by 

( 3 - 2 . 2 ). 

Sir.ce f(2) = J z is an entire function of (p,q)-order P 
k=0 

and t!j(k) forms a nondecreasing function of k,(5.4.20) holds for its 
coefficients exponent with p occuring in (3*4*20) as its 

(p,q)-order. ilso, by Iheorem 3^1, D = I, hence (3.4.21) follows- 

theorem improves results of Juneja [J3 ] and Awasthi [_4 ] 
which were obtained for k and (p,q) = (2,1 ) and (p,q) = (2,2), 

respectively. 


3*5. We now obtain some theorems involving the ratio of oonsecutive co'jffio 

ients of the entire series (2.2.1) and its growth numbers as defined by 

(3.1.2). !Eheorem 3*8 improves a result of Juneja f 31 1 , 

» X, 

5.8. let f(z) =5 ^ a. z ^ an entire function haying (p,q)- 

k=0 ^ ■- 


order P , (p,q)— growth number P and lower (p,q)-growth number 6 and let 
’l'(k) = I i®. increasing function jof k for k > k^, 


then 


(3.5.1 ) U=Qand6*R 

where E and Q are defined by (3.4.2) and (3*4.3) respectively. 

Eirst let 0<5 ,p<». Then for any e such that 5 > e > 0 

and for all r > (3*1.2), 

(5*e)(log^'’“'^^r)^''^ < v(r> < (y+e) (log^^”^^ r)^"\ 


\ 
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Since ’{'(k) is a nondecreasing function of k for k> k . 

o’ 

''(r) = for ip(k-l)lr <i^(k). 

Henc e , 

(3»5.2) C5«e)(logf'l''^3r)P"^ < < (v+e) r)P”^c 

Since the inequality on right hand side of (3.5.2) holds for all 
r ^ tJ; (k - 1 ), we get 

logfP-2] < (y+e) 

The last inequality gives 

logt?-23 

(3.5*3) y ^ lim stq) ■■ ■” \ . . 

k ~ Clogl9-lJ 

Similarly , 


logtP-2]x^_^ 

(3.5.4) 6 1 lim inf ^ . ^ 

k » (log[9“lJ i|)(k-l))^“'^' 


Hext there exists a sequence tending to infinity such 


logfP-^l vCTp) > (w-e) for p = 1.2,... . 


that 



^ I 


Since t|;(ic) is an indefiait^y increasing iunotion and tends to infinity 

with k, for every r , we can find an integer k such that 

P 

,|>(kp~ 1 ) 1 and so we have, v(r ) = , Thus, we get 

P P 

logtP-21 > („.e) dogh-l] 1,2,..., 

P 

which implies, 

logtP-^l \y, 

(3.5.5) y ^Ub si^ . 

k « (logU-lJ 


Siirtllarly, it can be shown that 


(3.5.6) 6 > lira inf • - - - ^...L .. , 

k « (logU-li tp(k-l))P“'^ 


(3t5.3), (3*5.4), (3*5.5) and (3*5.6) together give (5,5.1). 

THBDRIM 3.9. Let f(z) = ^ a. z entire function having 

k=0 ' ' ' ■ 

(p,q)-order p , (p,q)-^rowth number u suid lower (p,q) -(growth number 6 , 

then 


(3.5,7) 


6 V lim inf - 

k « loglP-2]x 


k+1 


PROOP. Let a* = lim inf . If > a* 


^ogIP“23^ 


k 


logf^""^H 


k+1 


a sequence {n(k) } such thht 




f 


there exists 
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Let be a value of r at which the central index v(r) of t(z) 

jumps from a value less than or equal to to a value greater than 

or equal to ^ Now, since 


log[P-2]y(3.^_Qj ^ logtP”2]^ 


c(t) 


e* < s* logfP-23 v(r^+0). 


therefore, 


logfP*^^ v(rt-O) 

6 ^ lira sup .. < Q* 

t 00 (qog[q- 13 p^jP~A “ 


log^^'^^vCr^+O) 

lim sup • '. A 'll' e*. 

z •*■ <*> (logW*"^ 


Since the above inequality holds for every 6* > a* , 
and the proof of the theorem is complete. 


loglP“2], 

RBOEK . If 6=v then lim ^ ^ 


we have 6 < y a* 


3.6. In this section we obtain a new characterization of the exponential 
function in teims of the central index. We thus tave ; 

“ n 

_THEDEM 3.10. Let f(z) = 1 + Q. z (a ^ O) be an. entire function 
~ " ’ n=1 . - - — 

and v(r) its central index for |zj= r. Iben v(r) = [r] , ^ and oj^'- 

if , f(z) = exp (z). 

_^00j;. ’If‘ part of the theorem is obvious. Let v(r) = [r] . Then 
v(r) c n for n_<r<n + 1, 

Ity (l .6.1 ), we have 
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log u(r) = log u(n) + 


n 


= n log r - n log n + log yCn- 1 ) + -?(t) 


dt 


n-1 


n log r - log n - (n-l) log(n-l)+log 


p(n-2) + / vf?) dt 

n-2 ^ 


' n log r - loi! n - log („.i) . (n.jj („. 2 ) ^ . 

Gontijaxting this process, we ultimately get 

log uCr) = n log r - log n - log (n-l) - ... - log 2 » log n(l). 

Since „(1) = 1, „e have n(r) . ^ . But p(r) .a/ for n < r < n + 1, 
therefore a^= 1/n! .. Thus 

fCz) = 1 + J £- = e:q) (z). 
n=l "* 

This completes the proof of the theorem. 



CHAPTER 4 


APPROXIMATION OF AN ENTIRE FUNCTION 

4 el. let f(x) be a real valued continuous function defined on the 
closed interval [ “1^1 1 and let 

Vf)= inf ||f-pl| 
p e TT 

^ n 

where the norm is the supreraxim norm on [-1,1] , denote the minimum ix-ror 
in Chebyshev approximation of f(x) over the set of real algebraic 
polynomials of degree atmost n • 

Bernstein [^, p, 118 ] showed that 
lim E (f) » 0 

n -4- 00 

ii and only if, f(x) is the restriction to [ -1,1 j of an entire 
function f(z). Varga [9^ ] further showed that if f(x) is the 
restriction to [-1,1] of an entire function f(z), then the rate at vshich 
(f) tends to zero depends on its order p(0 < p < •» )as given by 
( 1*8,3). Reddy [^] extended Varga’s resxalt to cover the case 

when f(z) is of infinite or zero order. 

In this chapter we use the resiiltsof Chapters 2 and 3 to find 

/Vi 

a more precise rate of decrease of E^ ' (f ) for a wider class of entire 

functions. Our resiJlts, given in -ttie following sections, include the 
results of Reddy and Varga, 
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Throughout this chapter we shall stick to the notations and 


definitions introduced in Chapters 2 and 3, 

4.2. We prove the foUovjing: 

Hieor^ 4.1. let f(i) be a real valued continxxjus function viiich is the 
resjtriotion ^ [“1>13 of an entire function f(z) of (p,q)-order p , then 

(4.2,1 ) P * p(l ) 

cl 


T/here, 


^k 

1 *= lim sup • '> • ■ , 

“ logf^“ h V log vr-p^' ) 


MOpP. ibllowing Bernstein [46, p. 76] f for each k ^ 0» we have 


(4.2,2) 


^(f ) 5. for each r > 1j 


r^i^l ) 


where B(r) *» max |f(z)l and I with r > 1 denotes the closed 

9 

r + 1 

interior of the ellipse with foci at +; 1 y half-«iajor axis — and 

half-minor axis , 

2r 


The closed discs I)|(r) and D^Cr) bound the 


ellipse in the sense that 


2 2 
DjCr) = {z ; Izl < ^ C Ir C 02 (r) = = l^i ^^ 2 ^^ ‘ 


Skom this inclusion it follows that 

2 2 

(4.2.3) M ( ) < B(r) 1 M ( - ) for all r > 1, 

and hence we have 
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(4.2.4) 


P = lim sup 

r «>o iog[q3 ^ 


Now (4.2.2) gives E (f) < -fv, 

^ ^ fPr every r > 5 aud 

k = 0,1,2,... „ aihus, for every ti > 0 , we have 

(4.2.5) i E^(f) r" < f l(r*n) 

k*0 (r+n)^ n ' * 


tetHar, &r eaoi fc > o, ^ 


and since 


Hf - Pj^ll . (f) , 

\+1~ I bounded above by 2 ^(f), we have [ 


j p. 42 1 


(4.2.6) |Pk+l(z) - P;,( 2 )il 2i^(f) r^-"^ for z e I and r > 1 


SIherefore we can write 


f(-) = P„(.) + I 


where the series converges in eveiy bounded domain 
So (4#2»6) gives 


of the complex planer 


\t(z)\ < |p^(z)I + 2 I E (f) r^+’' 

k=0 ^ 

consequently, from the definition of B(r) 


for z s I 


(4.2.7) 


B(r) < + 2r I yf) / . 

Jc^sO 


Now consider the entire function 


H(z)» I E(f)/ . 

ksO 
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We have from (4*2*5) and (4.2.7) 


(4.2.8) 


B(r) < C r H(r) < C 


r(r+n) B(r+n) 

- VJ JWX -- 

n 


where G is some positive constant, Erom. (4.2,4) and (4.2.8) it 
follows that 

(4.2.9) p . lim sup . 

r -V » logl^J r 

How applying Sheorem 2.1 with = k to h(z) we obtain (4,2,1 ), 
Hence the proof of the theorem is complete. 


(Theorem 4.t includes a result of Varga [^3 who obtained (4*2' 1 ) 
for (p^q) * (2fl) and results of Reddy [^3 who obtained (4.2,1 ) for 
(p»<l) = (Pjl) and (p,q) SI (2,2). 

TI^EEM 4.2. let f(x) ^ a real v^ued con-^mi^ func^tton is the 


restriction [ -1 1 1 ] 

4<k)H 


of an entire function of (pjq)-order p and let 
form a nondecreasing sequence of k for k > k^. 


(Sien 


(4*2,10) P s= P (L*) 

where. 


1* « lim sup 
® k -»• « 


10gf‘^^(^_.,(f)/^(f)) 




IROOP. In view of (4,2.9), applying 3heorem 2.2 with X^= k, to the entire 

«» k 

function H(z) s= ^ \.(f)2 , we get (4.2,10), 

ksiO ^ 
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THEDEW 4.3» Let f(x) be a real valued continuous ftinction which is the 

"* , ni0mi0^ ■ w_n Itnjf '%r or _ -vmmm _.v ^ j m- -~vmr wr- ^ = m » 

restriction to [-1,1] of an entire function f(z) of (p,q)-order p , 

the sequence of principal indices and P(nj^) be the joints 

of the central index of the function ^z)= T ]E(f)z, Eien 
......... lc*0 - 


(4^2.11) 

wh^e, 


P »= J (U^) 


TJ^ = lim sup 


log 


lP-13, 


It -»■ “ logt'^^p(n^) 

PRO OF* In ■'/iew of (4*2.9), applying the corollary to theorem 2.2 
with k, to the entire function H(z), we get (4*2.1 1 ). 

THEDIM 4.4* Let f(x) ^ a valu^ jxntlnuous fuuactLcm w^ch i^ 
tto restriction to_ [-1 ,1 J of ^ enl^e function of lower (p,q)-order X 
aM 1^ <}“(h) = form a nondecreasing function of k 


for k > k . 

V * *** Q 


(4.2.12) 

(4.2.13) 

where 


!Phm 


CO 




= P(w*) 


lim inf - ’ t ® - ^ 

k -*■ » log^^ ^ ( ^ log 


\i^y 


and 


loB^P-l]k 


or 


a 
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IBO£:p, Item (4«2*3} and (4.2.8), we have 


(4.2.14) X « lim inf in-f 

X -)- <» log^ ’*r T ^ log^^'^r 

How applying Theorems 2.5 and 2.6 to the entire function H(z) = 
we get (4c2*l2) and ( 4 . 2 . I 3 ). 


I 


k«0 



RI MAEE . ( 4 . 2 . 12 ) geneializes results of Reddy [92 3 who obtained it 
for the case (p,q) = (pjl ) and (p,q) = (2,2), 


THEOI ^ 4.5. Let f(x) a real valued c^nt^uoi^ ^rcl^jn winch the 

restriction ^ [-1,1] o£. ^ entire function of lower (p,q)-order X . 

Let be "the sequence of principal indices and p(d^) be the jump 

points of the central index of the function H(z) = J I^(f)z . Then, 
for (p,q) ( 2 , 2 ) 


( 4 . 2 . 15 ) 

where, 


P(vJ 


V a lim inf 

^ k 00 


log^*^^ p(n^) 


:^rth^ log nj^_.j log n^ as k-*- ® , tlen (4.2.15) holds for (p,q) = ( 2 , 2 ) 


g. so. 

RROOP, In view of (4.2.14), applying corollary to Theorem 2.6 to the 
function H(z), the theorem follows. 
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THHffiMI 4*6, Let t(x) ^ contin'UDus ft^tion which Is 

restrictxoD. to [** 1^13 sn entire function _of lower (pjq)-^rder X • 
Then, for (p,q) (2,2 ) , 


(4.2.16) 


X = max [P 

{"k> 


(4.2.17) 


a max [P (£*) 3 

t"k> * 


where, 


and 


log 

X = xCtnij^}) = lim inf . - - , 

k « 1^2 ®k 

Aa = inf ” , 

k ^ logW"il(l_ log . A .. ) 


^a 


logtP”i^ %_1 

£* ({mjj}) a lim inf , ’ * 

k->» iogW-iJ (f)/E„ (f))} 


^"®k-l 


k-1 


\ 


Rurth er, if {n^} ^ the sequmce £f pr^ciji^ indioes of the function 

CO ^ 

h(z) = J 2 lof log ^ "*■ “> -A%E (4.2.16) 

and (4.2.17) ^Id fer (p,q) = (2,2) ^^so. tfeon'mmi in (4*2.16) and 
(4.2.17) is t^en over all inc:^sing seq_u«:w^ {m^3 of natuial nmbers. 

MOOFt In view of (4*2.14) applying TJieorem 2,7 with X^ =: k to the entire 

function h(z) « ^ E {f)a^, 

k»0 


the theorem follows 
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( 4 . 2 * 16 ) generalizes a result of J.P. Singh [73] wIkj obtained it 
for (p,q) = (2,1). 

4*5. In this section we obtain relations involving the (p,q)-type, 
lower (p,q)“type and ^(f)- 

4 * 7 * f( 2 t) be a continuous function which is 

the restriction to C~1*13 of an entire function f(z) of (p,g)-order p 
^d (p,q)*-type T. 


(4.3*1) 


where 


T/M. « IljE sup — •- 


(4*3*2) A = 1 for (p>q) * (2,2) A * 0 for ^1 oth^ inde^ (p^q 


and 


(4.3,3) 




(P-l) 

oP 


2^/ep 


p-l 


for (p,q) * (2,2) 

Cp,q) =* (2,1) 

for (p,q) = (p, 1 ), p > 3 

for all other index pairs (p^q). 


lEOOPe Itom ( 4 . 2 # 3 ) ard ( 4 . 2 , 8 ) it follows that 


B J = lin sup 


B{r) _ ,, H(r) 

I Jrt if -r- .rnmrrm^n. m- ST iilR SUTO ' f » - ^ ^ ^ 

r)^ r « (logl*!"^! r)^ 


(4.3,4) 
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where hCz) = I E (f)z^ and B * 2 for (p,g) = (p,l) and 
k=0 <i 

Bg^= 1 for all other index pairs (p^q). Ifow appl3dLng !Eheor®i 3«1 
with k to the function H(z), we get (4.3.1), 

fHEO K^ Bot f(x) be a ^©^1 v^}ied continuoi:^ furwlion wh i ch is 

fo of Bxi ^tire junction f(z) of (pyq)“order p and 

Bet {nj^} be an increasing sequence of positive 

integers , then 


t [p-23 
log*-*^ nv. . 

(4 o 3 o 5) t/Mj^ > G({nij^}) lim inf -> 


-^SS. ( 4 . 3 . 2 ) ^d ( 4 * 3 * 3 ) respectively, and 


BX 1/(P -t ) 

(4,3*6) GC'tiVJ) = lim inf ( "•’”") for (p,q) = (2,2) 

k -+ «► ^ 

« 1 for all other in d^ (p?Q.) • 

HipOP. Prom (4.2.3) and (4.2.8), it follows that 


(4,2.7) 


B t 
a 


log^ ^ ^B(r} , . . » log^^^^H(r) 

lim inf " .IT n i‘ ~ Ixm anf "• ® - 'Ti“‘ « 

r “ (log^’^" ^r)^ r ■> ® (logI'^“ r)^ 


-P 


where H(z) = I ® ®a “ ^ Cp>q.) = (Pjl ) and B^= 1 

kss^ 

for all other index pairs (p,q). IFow applying Theorem 3,2 to h(z) we 


get (4, 5 , 5)1 
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THEOREM 4 » 9 » Let fCx) be a real valued continuous function which is the 

^ ^ ww -* X , t , -WAM .k mr_ -X_1^ ' m - - ^ ■• — 

res^teicta^n jto M 3 of ^ function ^iz) (p,q)-order p sxA 

l^owe^ (p,q)~t;^^ t. ^ (Ji(lc) = :^(f (f ) forias £ nondecreasing 

func tion of k for k > j thm 


( 4 o 3 ^ 8 ) 




lim inf 

Ic ->• CO 




where A 


a^_ ao?e ^f In^ 


( 4 « 3 « 2 ) and ( 4 . 3 . 3 ) respectively; . 


iffiOOE. Applying Theorem 3.3 to the furction H(z) =* 
and using ( 4 . 3 <. 7 )> we get 


I 


k =:0 



A lOg^P”^^ k 

%/ m . ^ lim iuf ’:4 n ‘ 


fiogf'*'''J(l/:^(f)) 

This when combined with ( 4 . 3 » 5 ) gives ( 4 » 3 * 8 ). 


EEMA^. Theorems 4.7 to 4.9 generalize results of Reddy [92 1 who 
obtained them for (pjq) = (?>l) aiii (PtQi) “ ( 2 ^ 2 ). 

THEOREM 4.10, let f(x) be a real valued contimaous function wl^oh is 
the restriction to [—Ijl] of an entire function f(z) of (p,q)-order p 
and lower (p, q)“t^e t. . If {Oj^} are the princii^l indices o£ tie 
function h(z) = I IL(f)z^ such that log 'v log^^”^V as 

k -»■ » , thoi 


( 4 c 3 <» 9 ) [G({ti ^}3 lim inf 

£n^} k -»- <» 


log 


[p-2] 


^-1 


{log 


[q -13 


( 1 /E^(f)) 


l/mj. 


p-A 
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where Aj G (4.3.2), (4-5.3) (4.3.6 ) 

-^d EBxirmm (4.3.9) taken over all increasing sequences 
{a^ }of ’ natural nimbus. 


mcpj;. Applying T-heoren 3.4 to the function H(z) = 
using (4.3.7), we get 


I E (f)2 and 
k ==0 \ 


(4.3.10) G ( { } ) lid inf 

k CO 


But, by (4.3.5), we get 


{logt'l‘*‘'l(l/B (f)y^^}^ 


(4«36ll) t/M^ ^ nax [0 ('C lajj. ) ) lin inf 


a — , 






Ic -»- 00 {logt^ 


j p—A 


Now by comparing (4.3.IO) and (4.3.II), we get (4.3.9). 


0?HE)OREI.I 4.11. Let f(x) ^ a real valued continuous function which is the 
restriction to [—1,1] of an entire function of (p,q)-order p , (p,q)“type T 
and lower (p,q)— 1gpe t. Then 


(4.3.12) 


B* 1 1: 1 3? 1 B* 

Si Q, “““ ^ Q, 


where 


(4.3.13) 


E 


a lin 


a k -> « 


sup 

inf 


dps 


[P-2], 




^ is, defmed by (4.3.2) ,ar^ 
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(4.3.14) ■ \ = 2Vp for (p,q) = (2,1), = 1/p for (p,q) * (2,2), 

_ 2 P for (p,q) = (p,1 ), p 3 tod = 1. for all other Inder p^irs (p,q)* 

CO 

1=R(X)}?. Consider the function H(z) = I E (f )z^, IPhen in view of 

k=0 ^ 

(4»3.4), (4*3*7) and Theorem 3.6 we get (4.3.12). 

4.12. let f(x) be a real ^lued continuous ftmction %tiich Ib the 
restriction H »1 3 of to entire functipn of (p,q)-order p 3?, 

If 4(k) - J^(f)/;^^^(f) fpnas £ nondetoeasing function of k fo_:^^^ , 

then 4 


(4.3.15) 


T,* m 

B T 

T < B* O < ^ 

- -“a \ - "'m ' 
a 


where M„, and are defined by (4*3*3), (4»3»13) and (4*3.14) 

' - - 8. OL m r* cl . i - 


PROOP. Let H(z) *: ^ IL(f)z • Then in view of (4.3*4) and Bieoreo 

k=0 


(4.3*15) follows* 



CEAPTER S 


POLYNOMAL COEFFICIENTS OF M ENTIRE FUNCTION 


5«1« let t(z) be an satire function. We have seen that growth of its 
maxiTTiuTn modulus M(r), for |z | = r, is determined by its order p and type T 
where p and T are given by (l,2,2) and (1.2.3) respectively. Hirther, if 

f(z) is represented by the power series ^ a ^ then (l*3*2) and (l#3o3) 

n=0 ^ 

respectively determine p and T in terns of the coefficients a^. 

Recently, Rice ] has generalized these results in a different 
direction. He has considered the polynomial expansion of f(z) of the 
form 


(5.1.1 ) 


CO 


I 

k=l 




[p(z)f"^ 


where p(z) is a polynomial of degree ? and <^(2) is a vuaiquely determined 
polynomial of degree C-1 or less. If is the lemniscate =; {zj [p(z) [*= R}, 
and M(r ) « l lf(z)|t = max lf(z)l, then he has shown that f(z) is an 

^ Z £ Fjj 

entire function of order p,if and only if, 

log log M (r ) 

(5.1.2) lim sup " 

R -y CO H 

Porthery f(z) is an entire function of order p > 0 and type 1(0 <!<“), 
if and only if, 

log UiT^) 

(5.1.3) lim sup ""“/T" = S » 

R ^ oD ^ 
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He has al^ generalized (1.3 *2) and (l*3.5) by obtaining p and 3? in terms 
of the polynomial coefficients q^^Cz). Ihus, it Ms been ^own that if a 
be fixed, then f(z) is an entire function of order p > 0, if and only 
if » 


(5.1.4«) p ts 5 lim, sup > A ^ ^ 

a 

iUrther, f(z) is an entire function of order P > 0 and lype 
T (O < I < «), if and only if, 

(5.1.5) ePr»Ciiasup h {] |q. (z)}l . 

Ic -»• « ^ 

Rice has also obtained an estimate for the length jjrjj of the 

lemniscate r.^* JEhus 

a 

(5.1 *6 ) { jFj^j j » 2 (l + o(l )) as S “ 

HLs gmeralization of 'Caucly’s inequality’ reads as follows. 

Let f(z) be analytic in then there exists a polynomial q(z) of 

degree C-1, indepoident of n and R, such that for a < R 

!|rnll MCFp) 

(5.1.7) llq^Cz)llp 1 l}0(z)l|j, . ' 

In this chapter, making use of the results obtained in Chapters 2 and 3, 
we generalize the results (5.1*2) to (5.1.5) by obtaining the corresponding 
results for (p,q)-order and (p,q)- type. Our methods also give a simple and 
short proof of (5.1 ,4) and (5.1 .5). We also obtain lower (p,q)-order and 
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lower (p,q).1ype In te™ of the ooeffioieot ■ 

Polynosaais. These results 

~e the eorree^min, reeolte of Ohaptere . .. 3. »no.hoht 

^ohapter, we nee the hefloftlone an. notatlone Intro.uee. In copters 

c ana 


542 * Ih tins Section we prove a f*pw tq™ i- 

P few leniTTias which will be required in 

the sequel. lirst we have 


LEmiA. 5.1. f(z), given ^ (5.1 al), 

^ pol-v if. 


.entire function of(p,q)-order p. 


(5-2,1) 

^ LP .tte degree of p(z). 


11m sup ^ ^ ” 

^ “ logf'^^R^^^ - « P 


moOT Erom (5.1.6), ^ inpUea , pV? (, ,.0(1)); 


® ^ ^ ® (1 )), we have 


Fow setting 


R 

Henc e the 1 emma* 


lim sup iog^^^M(rj^) 

fqf *l/c: “ ®^P 

logmE*/^ S^c 


10g^^M(|z|=r S) 


W^^(- S N 
^ 1^007 ^ 




Proceeding on the s^Ttilar lines we have 

lam 5.2. f(2), given hv 1 t ^ • 

J, ^v^ P£ (5. 1 .1 ^ ^^tire _:^tion of lower 

(p,l)«*order X , Ohljr^, 


(5^2*2) 


lim inf ^ 

logf^VA ' 
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_v^_ere, 5 the degree of p( 2 )* 

LHSOM 5«5- f(2)^ given by ( 5 .I. 1 ), be an aatire function of 

(p,q)-order p . JEhen it is of (p,q)-type T, if and only if. 


(5.2.3) 


lim sup 
. R “ 


logt^3 mCTj^) 


where C the degree of p(z). 


IROO^F. Proceeding as in hemma^ 5.1, we have 


log^^^M(rj^) 


lim sup \.J'' - lim sup 

s ^ f s 


S) 


hence by the definition of (p,q)~‘type, (5.2*3) follows. 


Similarly we have 

IjEMvlA 5.4. let f(z), given by (5.1.1),^^ entire function of(p,q)‘<3rder p, 
Ihe n it ^ of lower (p, q)-'^pe t , if aM only; if . 

(5.2.4) Xlmlnf - t 

where_. ? the-degree of p(z)- 

REMJEK. Lemmas 5,1 and 5*3 gaaeraljize (5.1,2) and (5.1,3) respectively. 


Wow we prove our main lemma of this section which will be used as a 
basic tool in obtaining the subsequent theorems. 


IBffl.IA 5.5. Let a be fixed and 

m.imnn.1 ;■ *, ■*! » <* »r . w ..w**!* — «.vir_ Mm# A_ m. A 

entire function having (p,q)-order p 


f(z) « I 1%.(z) [p(z)]^’*^ be an 


lc*l 


, lower (p#q)-oider X , (p,q)-type T 


t Ihroughout our discussions in this chapter, a will doaote a fixed 
constant not less than 1» 
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4 iOwer (p, q)-:^e t, then 

- 

(5.2.5) 

P 

X 

sup 

• lim 

T> iuf 

log(^^^H(E) 





(5.2.6) 

T 

t 

sup 

** lim ^ ^ 

E 

h(r)_ 

(log(‘i^’''^R^/^)P 

where H(H ) = 

CO 

I 

k =1 

lk(n)llr„E'‘ 

-SP^_ 5 is the degree of p(z). 

_lRO 0 _Pi, let 

H > 

a . Then, since p. 77 ] 


1 kicCz) ! !r^ 1 I |qj^(2) J jj. 

R ot 

we have, &r z c T„ 

R 

Iff") I i f IkuWlIj IIpWIiJ'^ 

and so R P 

(5.2.7) I«(r )< I |U(,)|| 

I®’ Pr Pr 

i s'*' f lk(3)IL ^ 

tel r„ 

- h^"^h(h). 

Now using (5*1,6) and (5.1.7) it follows that for every n > 0 



Ill 


(5«2»8) H(R) = ^ jjqn(z)j}j, 

k*l a 


1 




27r 


0 _ 

1 


k=l 


(R+n)^/^ (1+0(1)) lloJlr 


' - 

2Tr r\ 


a 

f S\i^ I 


1 


, ? .r. ,aroa» noji^ . 

2it n a 


Combining (5.2.7) and (5.2.8), we have for all R > a and n > 0, 

2c+i - 2 

, ^ ' U2 '' ' (1*0(1)) ih'||r„ 

(5.2.9) M(r ) IR^ 2 X 

•n. K+n 2lT T) 


By using Lemmas 5.1 to 5.4, (5.2.5) and (5.2,6) follow from (5.2.9) after 
some simple calculations, Haice the lejnrna. 


5.3* la this section using the results of Chapter 2, we obtain formulae 

for (p,q)-order and lower (p,q)-order involving the coefficient 

polynomials q.j^(z) of 1±ie entire fvmctlon given by (5.1.1). Theorem 5*1 

generalizes (5.1.4) and also gives a short method of obtaining it. 

Theorem 5.4 gives an analogous formula fbr the lower (p,q)-order X which 

holds for a subclass of entire functions of the foim (5.1.1). !Ilieorem 5.6 

gives lower (p,q)-^rder in terms of the coefficient polynomials q.^(z). 

This formula holds for every entire function given by (5.1.1) idaich have 

index pair (p,q) (2,2). This yesult holds for (p,<l) » (2,2) also if 

the principal indices {n.} of laie finction H(w) » J w 

* kw1 » 

satisfy the relation log A 't* log n^ as k . 
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The results contained in this section also generalize the corresponding 
results of Chapter 2. 

THB0.:^5«1. let o fixed and f(z) = f %{z) bean 

k=1 ^ 

entire _fi^tion having (p,q)-order p , then 

(5.3.1) P«KP(l^) 

whei^ 


(5.3»2) 

and 



lim sup 
k -♦■ <» 


t*. 


log^^^k 




logfl log ll^(z)Il 



(5»3«3) K S3 5 ^ (p»<l) = (p»l) and ' K s= 1 otherwissj ^ being 
the d. ©free of pCz). 


lEO^P, Consider the function 

H(w)= i ||a(.)llr J'. 
k=1 ^ a 


St is easily seen that h(w) is an entire function of index pair (pfl) » 
let its (p,q)-order be Q* , . Then by lemm 5.5, P s* K p*. Sow 
applying Theorem 2.1 with = k to H(w) we getP*« ^(l^) and hence 
(5.3*1 ) follows. . 


THEOREM 


5.2. let o ^ f jjed ^d f(z) * I q^(2)lp(z)] 


k»1 


havi^ (p,q).^rder p awch ♦(lc) = (11<^^^(*)1 Ip <^^ 1 ^( 2 ) I Ip ^ 
is a i^ndecn^fi^g f^cton of k for k >■ k^, tl»n 
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(5.5.4) 

where 


P = K P(l^) 


(5,3.5) 

and K is defined hy (5.3.3). 


* log 

L, = lim sup ® 

logU] { 


[p-1] 




1 lr^/1 kifCz) 1 


IROgP. Proceeding as in the proof of Olieorem 5.1 we get p * Kp* . Fow 
applying Hieorem 2.2 with k, to H(w) we get p** P(li|). Hence 
(5.3»4) follows. 

CO 

THBORffl 5»3. ^et a fixed and f(z) — \ <3.i-(z) |p(z)]^ ^ be an 

k«1 

entii^^ faction of (p,q.)-oi^er p . let he the sequence of 

principal indices and p(n, ) be the jump points of the central index 

■ - t\ -m qrit ■ *.w. - V - ■ m i.—. -w. mr r . ■ ■m- w mmmmrn •! -*. VkL . -w»- *r w^- i.vi A - mn\ 

00 

of the function h(w) « \ I kv(2i) I U ^ • Bien, 


(5.3.6) 


p =K P(U^) 


where 


= lim sup 
k « 


and K ^ defin^ Jbgr (5.3.3). 


pChjj) 


ffiOpP. In view of Lamns 5.5, applying the corollary to Theorem 2,2 

to the entire function if^(w) « ^ I fa (z)|lr w , we get (5,3.6), 

k-l ^ o 
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CO 

5*4» ® be fixed and f(z) » J 4^(z) [p(z}}^ ^ be an 

entire fu nction of lower (p,q)-order X , such t^t 4(k)=(l / 

1 1 <ljj.( z) 1 1 r ) ± _^ctton of k for k > k . ;^^en, 


(5-5.7) 


X = K P(il^) = K 


where 


I, = lim inf ■ -• 

k*" iogt^‘’^{iiogiU^(=)||;H 


= lim inf - - . - - -- - w 

k » log^‘^^{l|qjj^^(z)ljj, /ljqjj.(z)||p } 

a cc 


and IT/ is d_efin_ed b^ (5.3.3). 


k 

PBOOPo Consider the entire function H(w) = J il<li,(z)llr ^ 

k=1 ^ “ 

let its lower order be doioted by X* « ilhen by Lemma 5.5> it follows 
that X s= K X* , Now applying Iheorenis2»5 and 2.6 with X^= k -to h(w), 
we get X* a P( Jl^) = p( *-^). Hence (5.3.7) follows. 


THE)OEM 


5*5o Leb g be fixed and f(z) = 1 [p(z)] be an 


lES=1 


en^re funct^n of lower (p, a)> .order X . Let { n^> ^ tM ^quence of 


k 

pri ncipal indices of the fupc.tipn I^w) = J j lq.jj,(z) j jp w. Then, for 

~ kw1 

(P»q) (2,2) 


a 


(5.5.8) 


X K P(V^) 


where 
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7^ * lim inf 
k “ 


p(\) 


iS. 

and K is defined by (5.3.3). (5.3.8) holds for (p,q,l = (2,2) also 

if log A> log as k -»■ « . 

Using Lemma 5.5 and applying the corollary of 23ieorem 2.6 to the 
function H(w), we get (5,3.8), 

5.6* Let i^ed ^d f(z) = f q. (a) [p(z)]^''^ be an 

JC 

entire function of lowe^ (p,q)-order X • Then, for (p,q) (2,2 )» 


(5.3.9) 


wher^e, 


x/fe = iBi ix(“ii))= ^ 

(V 


log HL . 

X ^ X ({ ni } ) . lin inf i - „ , 

^ k ° log mjj. » 

logtP-^3 

~ ' ' ‘ ' ~ - ‘ 

log I jq (z) 1 jpb 

k 'K “ 


00* = oj*C{ra!,}) = lim inf 
^ k 


log[P-ll n},_j 


“d “'d' 


-V =0 logf‘^”^V{ logCjjc Cz)jlp /l|q (z3i|j, )} 

J^-^k-l “k-1 ■■“ S: “ 


and K ^defin^ (5*3.3). ■f i® jsequence of 

principal Indices of the function H(w) s J )lqj^(z)llp w such that 
log log ^ k -»• ® , then (5.3.9) holds for (p,q) = (2,2) also. 

Maximum in (5.3.9) is taken over all increasing sequences {n,,} of natural 
numbers. 


EROOF. Consider the entire function H(w) = T llc|.(z)jL w , 

■ kj=1 ^ ® - 

Applying Lemma 5.5 to h(w), we get X=5 K X*, vdiere X* is the lowen-4pj-^q)^rder 

i ■' . ■ , ' ' 

of h(w). Now applying [Qieoreni 2.7 to H(w) we get (5.3.9). 
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5.4* In this section using the results of Ch^t^ 3, we obtain 
formulae for (pyq,)*"type and lower (pjq)“1ype involving the coefficient 
polynomials (^(z) of an entire function given by (5,1.1 ), Theorem 5.7 
generalizes (5. 1.5), whereas Theorem 5-8 gives a formula for the lower 
(Pj<l)"'type involving the coefficient polynomials vhich holds for 

a subclass of entire functions giv^ by (5.1 .1 ). Another polynomial coeffia 
cisit formula fon the lower -(p,q)»type^hich holds for a different 
subclass of entire fxmetions given by (5.1.1), is obtained in Theoraa 5.9o 
In the last two theorems of this section we obtain relations involving 
(p,q)-type, lower (p,q)-type and the ratio ( II l%j.(z)lir^^). 

CO 

THEOREM 5.7. let a ^ fixed and f(z) » ^ <3,_(z) [p(z)'^'”^ entire 

function of (p,q)-o^er p ^ (p»q)-^J»e T. Sien, 


(5.4.1) 


T/M^ = lim sup . — „ . ... , 

k -»■ O’ r n -lAC _ A 

Clog''’-!’ Ik^Wllr 


where 

(5.4.2) A = 1 for (p,q) = (2,2), A 0 for all (Pfq)? 

(5.4.3) %=C/ep for (p,q) == (2,1 ), » C(p- l)P"^/pP for (p,q) = 

(2,2) ^^d M^= 1 for all othejr 3^e_x pairs (p,q)j C 
of p(z). 


RROpP, Cionsider the function 

(5.4.4) Bf^(w) » ll\(z)llrjj^^^ • 



m 


Then it is easiOy seen by Lemma 5,5 that H*(w} has (p,q)-order p and 

(p,q)~-type T. Now applying Theorem 3.1 with = k to EP^(w), we 
get ( 5 . 4o 1 ) e 

5.8, Let a f(z) = J [p(z)]^ ^ ijS. IS. eo^tire 

k=1 

function of (p,q)-ord^p md lower (p,q)-t^j)e t such that 

<|)(k) = (1 Ujj-l/z)! Ipjjj/I l%.(z)l I Fqj ^ i£ £: £^. ^ 

k > k , then 
o ' — — 


(5.4.5) 


log^P**^^ k 

= lim inf - ■ — ^ . . 

" (logh-u iic„(z,|i;^'V" 

i IN 




where A j^d ax_e dejfined ^ (5.4.2) and (5.4.3) respective!;^ and 5 
is the degree of p(z). 


lEOpPo Consider the finction ^(w) defined by (5.4.4). Then it follows 
by Lemma 5.5 that H*(w) is of (p,q).^Drder P and lower (p,q)— type t. 
Applying Theorem 5*4 with = k, to the function ^(w), we get (5.4.5)=> 

CO Vi 

theorem; 5 . 9 . Let o_^ fixed and f(z) = J [pC®)] he an 

k=l 

entire fimctton of (p,q)-order p and lower ,(pjq)“d2y® ^°k^ 

CO 

principal indices of the faction if^(w) = I l}<^(z)t ipw^ ^ch ttot 

. - . . . jj 

log^^^^ ^ fv, log^^ °k -2^ k ^ 


( 5 . 4 . 6 ) = max [G({E^})lim inf 

{d^} k -*■ « 


, [p-2] 


^ « 
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^y (5-4-»2) ^d (5»4»3) re^ecrtlve^^ ^ 

is the degree of p(z) and 

m, . 1/(P-1 ) 

GC{m^}) = lim inf ( ) for (p,q) = (2,2) 

= 1 for alJ. other ijadex p,2^is (p,q). 

follows by lemma 5.5 that if<- (w) is of (p,q)-oider p and 
lower (p,q)-type t. 4>plying Iheoraa 3.5 to IF(w), we get (5.4.6). 

CO 

jTHEDRM 5.10, Let o fixed and f(z) = ^ be ^ 

k*1 ^ 

(Pjq)"?rder p ,(p,q)-^jje T saad lower (p,q)~5S'’pe t,then 

(5.4.7) 

where 

Qd sup k 

(5.4.8) =V^ . - « — - . . , 

Rj k ^ « inf r n 

{logf^“^^ (I lq3,_i(2) I \^J\ |qj^(z) ! 

(5.4.9) Y “S. for (p,q) = (2,1) M (2,2).^d Y^ » 1 for all other 
index pairs (p,q), C being the degree of p(z). 

ffiopp. Consider the function H*(w) defined by (5.4.4). 33ien by 
Lemma 5.5 it follows that H*(w) has (p,q)-order P , (pjq)*”%pe T and 
lower (p>q)~type t. Now applying iEhearem 3.6 to H (w), we get (5.4.7). 
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5.11. Let . f (^3 ^ 

fcssl ^ — «— — 

(p.,).o«er„ , .aM(p„).^_3 

♦W = (Il9t_l(^)llr/li%,(t)llr^) It a nondaor^slag fraction £f 

k for k > k , thm 


(5.4.10) iVSTj 1 1 ’r/a^ 


where M,, Q, 
o.^ d 


and 


\ ^ ( 5 . 4 . 5 )^ ( 5 - 4 , 8 ) and (5,4.9) 


Consider the function H* (w) defined by 
Lemma 5»5 is of (p,q)-.order p and (p,q)-type % 
3.7 to H (w),we get (5,4,10), 


(5 * 4 < 4)5 which by 
He®/ applying Theorem 


mm- aeorem 5.11 it follows that if Kk) is a mndecreasing function 

of k for k > k^, then 3 ? = for all index pairs (pjq) other than (2j1 ) and 

(2,2). 



CHAPTER 6 


i 


GROWTH OF FUNCTIONS ANALYTIC IN A DISC 


6 •I* Let ^ denote the class of nonconstant functions analytic in the 
vinit disc D = Czi |z| <1} and let the ICaylor series exjjansion of a 
function f(z)e U be given by 

(6.1.1 ) f(z) = ^ a z ^ 

k=0 ^ 

CO 

where 0 and increasing sequence of those positive 

integers for which no element of the sequence is zero. 

Ibr 0 < r < 1 , set 

M(r) = M(r,f) = max lf(z)|,' p(r)= y(r,f) = max {ja |r^} 
lzl=r ^10 

and 

v(r) 5 v(r,f) = max {X^: y(r) = [a^jr , 

QIhe function '^(r) is a nondecreasing function of r and has only ordinary 
discontinuities in the open inteival (o,1 ). The points of discontinuties 
of v(r) are called its jump points and elements in the range set of v(r) 
are called principal indices of f(z). 

The order P and lower order of a function f(z) of the 
o o 

class U are defined as 


(6.1.2) 


Po sup 

= lim 

r r -»• 1 inf 
^0 


"-log (1-r) 


CO 1 - Po - 
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Following the lines of Maclane [ 49 , p. 47 ] , it can be easily slx)wn 
that 


(6.1.3) 




log^ log'*’ 
log 


Let A be the IfecLane class of those functions of t h^- class U 
which have asymptotic values at a dense subset of points of \z\= 1. 


In this chapter we first obtain a sufficient condition on the 
coefficients 8^^ so that a function of the class U, given by (6.1.1), 
belongs to the class A , This improves a result of MacLane [ 49 , p. 511 
and also shows that all those functions in U , which are of dCLnite order, 
belong to A . Then, for functions belonging to a subclass of U , we 
obtain the order in terms of the ratio of their consecutive coefficients. 
This result is used in finding a sufficient condition on ij^(^ O) such 

that the function f(z) = 1 + T (r. r„...r, )z belongs to the class 

, I id K 

k*1 

A , Further, in section 6.3, vve give a complete coefficient characterization 
for the lower order C of f(z) e U, from which a result of L.R. Sons 
[75, Theorem 1 3 can be derived. We also give complete coefficient 
characterization of the lower order of f(z)£ in terms of the 
ratio of the coefficients in (6,1.1 ). In the last section we prove the 
existence of a function f(z) analytic in = {z: |zj < R } , 0 < S < “ 
which possesses prescribed rates of growth on two different, although 
unspecified, sequences tending to R. Existence of a similar function 
for I^ = {z:|zl >E} is also proved. 
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6.2. In this section we prove two theorems. The first theoroa gives 
a sufficient condition on the coefficients so that the ftinetioni 
hy (6,1,1 )j belongs to 14ie class A . This weakens a sirollar 

condition of MacLane. In the second theorem we obtain the order of a 
function belonging to a subclass of U y in terns of the ratio of the 
two consecutive coefficients in its Taylor series expansion (6,1.1), 

Ihis result is used in obtaining a sufficient condition on r, (>0)jSo that 

" K ^ 

a function of the form f(z) = 1 + J (r^r^. . .rj ^)2 ^ belong to the 


6.1. Let f(z) = y a^z , ]z| < 1, be a nonconstant function 

k=0 ^ ■"* ‘ 

such jtha_t _f or some 3(1 < 6 <® ), 


(6.2.1) log"^ ja^l a 0 {Xj^(log ^ (log log Xj^) ^ k » , 

thoa f(z) e A. 

We require a lemma, 

LEMM 6.1. Let f(z) e U ^d j^jjpose fo_r some a(l < a < «>), the jnaxi^Lm 
modulus M(r) of f(z) on jz|= r (O <r < 1) satisfies 

(6.2.2) log"^ log'*’ M(r) * 0 t (l - r)”^ (log (e/(l-r))) -^-1, 


then f(z) e A. 

lEOOi', The lemma immediately follows in view of the fact that (6.2.2) 
implies 

J log"*" log'*’ M(r) < » , 

0 
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and so, using Ifornblower's result (l*9.1i), we have f(z) e A . 

6 . it is evident from (6.2.1 ) that f(z) e U 

Again, by (6.2.1), for all k > k^, we get 

log^ l\l < B (logX^)-'' (log log 

where B is a positive finite constant, 
let us write, 


(S.2.5) 


M(r) < J 

]C=:0 





N 

- I 

lc=Vl 




V 

L 

k=?4+l 



where, 

N. [expP] <4 log 1,-1/ '«*«>]. 

How, 


(6.2,4) 


^ A>, X 

1 kkl r < I exp {B X^Clog Xj,)“^(log log X r ^ 

k=M+l k=N+l K k 


ay 


< I 

k»N+l 


r < . . 

- l-rV2 


In view of 

1 1 

(1 r) * (log-) ( 1+0 (log^)), as r 1, 


we have 
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(N+l)/2 

< -lrwL.v.[2]r,i 1,-1/CS+l). 


■l.;i72 ^ ^ - ^og Cl - r^/^) 


= --Clog |) exp tc^ log ( 1 + 0 ( 1 )), 


^2B ^ r 


as r -»- 1, 


Hence, by (6-2.4), 


I 

k=M+l 


l^lct ^ < 


\ CN+l)/2 

' '^1/0 = 0(1), as r -+ 1 . 

l-rl/2 


Thus, by (6.2.3) 

(6.2,5) MCr) < CCICq) + N max [exp{BXj, (log Xi()~^(log log Xj^) r ^3 + 0(1), 

k ^ 0 

where C(k^) is a finite constant depending on k^» 
let,’ 

g(x,r) *Bx(log x) (log log x) + X log r. 

Maximum value of g(x,r) occurs at a point x = x^ = x^(r), satisfying 
the equation, 

B(log x)''^(log log x) ^ {l-(log x) ^ - B 3(log x) ^(log log x) = log 

It is easily seen that x^(r)-+ <» as r ->• 1 - Hence, 

x^ = exp C(l + 0 ( 1 )) B(log ^)“^ (-log log ^) . 

Therefore 

g(x,r) jB (log x^) (log log 3C^) {1 + B 3(log log x^) > 


and so, 
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log g(x,r ) < log + 0 (1 ) 

= B (1 + o(l )) (log *' (-log log-^)"^ + o(l ). 
Hence by (6.2.5), as r 1, 

iog"^ M(r3 < log N + exp {B(l+o(l)) (log |D‘^(-log log i)“2+o(l)} + 0(1) 


log + exp {B(l+o(l))(logi}*Vlog log^)'^+o(l) }■< 

+ 0 ( 1 ) 

= exp {B(l+o(l))(log i3'^(-log log + o(l)} (1 + o(l))). 

Since the right hand side of the above inequality is a positive quantity, 
therefore as r •+ 1 , 

log-" log'" M(r) < B(l+o(l)) (logi)'^ (-log log + b(l) 

= 0 {(log (-log log i) 

= 0 {(1-r)-^ (log (e/(l-r)))"^}. 

So, by lemma 6.1, f(2) o . Hence the theorem. 

COROLLAiOT. let f(z) = I a. z function of the class U having 

k=0 ^ 

finite o rde r , then f(z) e A . 

Corollary follows immediately from Theorem 6.1 since if the function 
f(z), belonging to U , is of finite order, thaa by (6.1. 3), as k -»- « . 

log^ U]^i = , 0 P ^ 

= 0(Xj^ (log (log log for any B > 1. 
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EEM^S. (i) Theorem 6.1 improves a result of Macl^e [^, p. 51] 

who showed that functions of the class U having older less than 2 
belong to class A and consequently, if the function f(z) = ? a 

lz| < 1 is such that (1.9.10) is satisfied then f(z)e A . oS^condition 
(6.2.1) weakens Maclane's condition (I.9.10) considerably and shows 
that all those functions of class U which are of finite order belong to 
class A . 

(ii) There are functions of infinite older also which belong to 
class A . Consider, for example, 

CO ^ 

f(z) = I expCX. (log z 

k=0 ^ 

Then from Theorem 6.1, it is clear that f(z)e A and from (6.1. 3 ) it 
follows that the order of f(z) is infinite. 

« X, 

6.2. let f(z)= a. z belong to the class U and have 
k=0 ^ ~/(X X~) ’ ** ' 

’Kk) = k+l“ k''^l/e for 

all k > k , then 

(6.2.6) l+pQ^ max (l , 6 ), 

^her e_ , 


e = lim sup 
k so 


log 

\ " \-l 
log'"laj^/aj._il 


(6.2.7) 
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jaP-aan* cccu^g ^ the tad side « ( 6 . 2 . 7 ) hta^ inte^teted 

a £2 .?££9 for the mlues of h for whioh |a/^_^| < 1 . 

(6.2.8) tClt) ^ a nondooreasi^ function of k for li > 

■equality holds in (6.2.6). 


k ^ then 


.???£?- . Since ^{k)^ 1/e for all k> 


k.j , we have 0 _< 9 < « . lirst 


let e < » . Bor any 6 such that 6 < 6 < -, w get, by (6.2.7),_ for all 
k^ U =.1T(8), 

lug* iVVil < tifc - x^_i) x-i/e. 

Therefore, if k > msec (u, ), then 

(6-2.9) log |a^J = log |aj^| + log + ... + log 

< log law! + (%+! “ Xfj) . .. + (Xj^ - X. _ ) 


= log |a„| e . Y X - X„ X-K« 


ra»N+l 


m+l m 


% %+l 


= log [a,j[ + X 


(6-l)/B /k 


- / ' n(t) dCt^ - Xjj 
^K+1 


^-1/e 

^N+l 


where n(t) . X^ for \ < t < X^^^ ; m = lT+1,..,., k-1 . 


Since 


n(t) d(t-l/^) = - i net) ,.1/6 


"N+1 


^ X t 
'^N+i 


dt 


i 


1 A ,-i/gg. 


N +1 


1 r. (6-l)/6 , Ce-l)/6 

■ " 6-1 ^ k * Vl 
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therefore, by (6.2.9), 


( 6 . 2 . 10 ) log 


Kl ' loe K,l * 


n 


1 ,CS-l)/6 
e-1 ^N+i 


- X 

iJ '^N+l * 


By (6.1.3), if e < e < 1, then (6.2.10) gives = 0 and so (6.2.6) 
obviously holds. Hence supiwse that 1 ^ e < g < « . (6.2.10) then 

gives 


log"" log^ |a I < A, + 0(1), 


Using ( 6 . 1 . 3 ), the last inequality gives - °. < ^3^, . Since this holds 

I+Pq - ^ 

0“ 1 

for every 6 > 0 , we have • - _< which mplies 1 + _< 6 . If 

^ 0 ® 

e s 00 , this inequality is trivially true. Hence the proof of (6.2.6) is 
complete, 

« 

Herb if 0 < 0 < 1 , then 1 + pQ^max (l,6) is trivially true. 

Hence, let us first assume that 1 < 0 < <». Since t(k) is a non- 
decreasing function of k for k > k^, therefore for a fixed H > k^ 
and for all k such that k > H, . we have 

log |aj,| = log + log + ... + log laj^/aj^_jl 


= log la^l (Xj^^l-X,j) log + 

> log laj^l +. (Xj, - Xj^) log 
which gives for all k > ET, 




^(k-1) 


log"^ log"^ jaj^l > 0(1) + log (Xj^ - X^) + log log * 
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Hence, by (6.2.7), for every e > 0 we have, for a seq^uence of values 
of k tending to infinity 

log \ log 

( 6 . 2.11 ) + 0 ( 1 ) 

log - log log \a^\ log (log ^ 

> (0-e) + o(l). 


Proceeding to liioits and using ( 6 . 1 .3), we get 1 + Pq L ® 

inequality is true for 6 = » also, since, in that case, we get, in place 

of (e - e), an arbitrarily large number in (6.2.11), which gives = ®. 

This completes the proof of the theorem. 

" X. 

COROLLARY 1. Let f(z) = I a z belong the class U and toye 

.... - 

order Po(0 1 Pq 1 ” >Lo — - ' and p(n^) 

k 

be the jump points of the centra.1 index of f(z). 

( 6 . 2 . 12 ) 1 + PQ = 


where, 




U = lim sup - 
” k + -logCl-p(ny)) 


<X> I \ 

COROLLARY 2. Let f(z) = 1 + I (r^r 2 ,..r^)z (r^^. > 0, | zj < 1 be a 

— k =1 

no neons taut ticn such that ^or £ome 0 (0 < 8 < “) , 

log* = aa\ - ^rc-p h"’’ 


then f (z) e A. 
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Essentially the hypotheses of Corollary 2 imply that f(z) is 
analytic in the unit disc and by (6.2,6) it is of finite order. Hence, 
by coroll axy to Theorem 6#1, it belongs to the class A 

condition (6.2.8) is only sufficient and not necessary for 

the relation 1 + pp= max (l, e ) to hold. Eiis can be seen by the 
following: 

(6.2.13) f(z) = J k } exp z^'' 

k=0 k=0 

= fj(z) + f 2 ( 2 ) (say) 

Then it is easily seen that log ^(rjf^) = (8 log ■j)”^ as r -> 1. 

Since the coefficients in both the series are positive^ we haTe 

^(rjf^) i M(r,f^+ fg) = M(r,f^) + MCrjfg) < 2M (r,f 2 ). 

Hence, log M(r,f) 'v log M(r,f 2 ) as r -»• 1 and therefore f(z) and 
have the same order p^. How, by (1.9.4), 

log log y(r,f 2 ) 

p 5» lim sup — - -= 1 , 

° X oa -log(l-r) 

Thus f(z) is of order 1. It is also clear that 'l'(k) is not a 
nondecreasing function of k. let, 

log k 

ACk) = . 

-log log |aj^/aj^_l! 
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Then, lim A(2k + 1 ) _ 0 and lim, A(2k) = 2. It is easily seen that 
k -> « k -+ ® 

e = lim sup A(k) 2. Hence 1 + p = max (l , 0 ) is satisfied for the 

k CO u ^ 

function f(z)* 


6 *3- We note that a coefficient foxmula analogous to (6 •1*3) for the 
lower order does not always hold^ Ibr^ consider the function given 
in (6»2.13)* Then since log y(r^f 2 ) ~ (8 log it follows by 

using (1#9*4) that ~ 1 • But it can be easily seen that for 

this function 


log'^log+la, [ 

lim inf 

k CO los k 


0 . 


In this section we obtain complete coefficient characterizations of 
the lower order which hold for every function of the class [/ . A 
resiILt of I.R. Sons \75, Theoraa 1 ] follows as a corollary to Theorem 6.5 
proved below. 

CO X 

THEOREM 6.3. let f(z)= T a z ^ belong to the class U and 

n=0 ^ 

have the lower order (o < Cq < «>) 1®"*^ ^“k^ksl if — 

sequence of natural numbers, then 


(6,3.1) 


k » 


log A 


n 


k-1 

log X - log'*’ log'*' 
k 



mggi, let, 

log - log* log* 

lim sup - — * ' - - “ ■■ 
k -»• « log X 

k-1 


# 
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Then 0 < a < c. We need only consider the case G < . < l. B,r any e 

such that 0 < e < 1-a, we can find a fixed integer IS = JT(e) such 
that for k > N, 


(6.5.2) 

Choose, 


log"^ (a^ I > X 

n, n. 




k 


k ‘Vl 


k-1 


2,3,. 


If k > H and r, < r < 


k i. ^ (6.3,2), using Cauchy's ineqtialily 

log [f(r) > log |aj^ 1 + X log r 
k k 

t. 1% I ■'■X log r, 
k "k 

^ \ . 

k k-1 


Therefore, 


log log XfCr) > log(l-e-^) + log X - (a+e) 


n log X 

k \-i 

= log (1-e )+(!-. i .) _ - ^^1 

a-^-e 


a+e loy log (1/rj,) 

> los d-e-') * Cl - * (1 - log log (1/r) t oCl), 


and so, 


> o(« * Cl - . 


1 

which gives on proceeding to limits, iT a/O and = 

if a = 0. This establishes (6-3.1 ). 
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pO^LMT. jet f(e)= I taXong to the class U , ha^ 

iC— 0 - 

Po^O 5 pQ^ ord_er Cq (O 1 ?o ^ ")« If 


(i) lim 


log X 


'k~1 


1 .^d (ii) S = lim 

0 k « log Xjj.- log^•lQg+ jaj^j 


k - 00 l°g \ 

then f(s) is of re^ar ^wth, i.e., Pq = . 

The corollaiy follows immediately in view of (6.1 .3) and (6.3 .I). 

Our next theorom. shows that, with k and under an additioml 
hypothesis, equality holds in (6.3 .1). 

” X. 

6*4-. f(z) = a z belong to the class U , have 

order Pq (O < ^ ») and lower order (O < <00) and supjpqse 

(6.2.8) satisf ied, then 


exists, 


(6.3.3) 


1 = 


log X, 

lim inf - — ^v... / _ . „ _ 

k -V CO log Xj^ - log"^ log"^ jaj,j 


ffiOOP. let, 


log \ - log"^ log”^ lato| 

lim sup • • — - 

k ->• " log Xj^^j 


In view of Theoron 6.3, it is sufficient to prove that — F ” 

Let T|/(k) tend to G. It is easily seen that I a, z has radius 

k=0 

of convergence equal to 0. Since > 0, it follows that G = 1. 

If ^Kk) » 0 =* 1 for k > k^, then it would follow that Pq= 0; thus 
i|;(k) >Tf)(k-1 ) for infinitely many values of k. 

Xjj; 

When '('(k) ^ 4'(k-1 ), the teim aj^z bec-cmes maxiimmi term and 


we have 
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uCr) = iaj^j r ^ , v(r) = Xj, for i}jCk-l) < r < ^(k). 

Kow, by (1.9.5), we have 

1 + Co = inf . 

r 1 -log(l-r) 

Suppose first that Cq < » « Thea for- every s such that 0 < e < 1 + 

and for all r such that R = R(e) < r < 1 , v(r) > (l - r)”^"* 

^k 

let ^ s^nd z (k^ > k^ and 4 '(k^— I) > e) be two consecutive 


1 -2 . - ^ 
maximum terms so that k^ k^- 1 . Suppose k^ < k ^k^. Since z 

is maximum term, we have v(r) = X^ for Tj^(k^- I) <_ r < ’Kh^)* Hence 

for every r in this interval, ^(l - \ gives in 

particular. 


1 


‘1 


h > Ctm;--) 


i l+Co"^ 


l-ilJCkjV 


Further, we have 


hence, 


= T(»(k2+1) = ... = iJ)Ck-l), 


(6.3.4) 


1 

i-i - ^>'1 - 'i-w-i)’ 


Since, 


log laj = log iaj, i + I (A^ - A^_p log (l/i|;Cm-l)) 
0 in=ko+l 


> log t ^ I (^k ~ ^ C1/4'C^"1)) > 
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we get, 


los log la I > 0(1) + log fx > 1 X I , 

k - ^ log log (1/iKk-l)), 


Or, 


log - log log [a^ j log l^g (l/i'Ck-l)) 


log X. 


k-1 


log X 


0 ( 1 ) 


k-1 


Using (6.3.4), tills gives 


log Jl-4)(k-p)-l 
log Xj,_j 


as k ->• 


log - log^ log^ |aj,| ^ 

log xj^'^l"'^ ’■ -l^o-o'" 

Thus, on proceeding to limits, we get |3 < Vd+^o^ * proves the 

theorem in case Sq ^ When ?o = , above arg-oments with an 

arbitrarily large number in place of (l + Cq™ a ) give that 3 = 0 . 
Hence the proof of the theorem is complete* 


RMAEKS. (i) (6.3.3) may fail to hold for functions of zero order. 

For, consider 


(6.3.4) 


f(z) 


I 

k =0 


.(k!) 


k! 


The oixler and lower order x,^ of f(z) are zero but 

(k-1)! log (k-1)! 

lim inf — - - = 0. 

k » k! log k! 
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(ii) In general the growth of the fenction f(z) does not give any 
information about the analytic extension of the function outside the 
unit disc and -vice-versa. Bor example, consider 

f^Cz) = I expCk) and £2(2) = \ z 

k-C k=0 


Ihen f^(z) and t^{z) are of the same order. In fact for both the 
functions Pq “ ~ ^■](z) cannot be continued analytically 

outside the unit disc, while t^{z) admits an analytic continuation . 

(iii) The hypothesis (6*2.8) does not imply that f(z) is of regular 
growth as can be seen by considering the following example of a f-unction 
of irregular growth belonging to class U . 


(6.3*5) ^^ aaple. let , 


1 = 4 -, ■*^^1 “ ^ > (k = 1 , 2 ,....) 

/ -1/2 n 2 

1 = = r^ = e , = ®z;p (m ) if n^ <_ m < n^^ 


. / e3!p(m*'^ ) - ecq) (n"^. ) 

-pO- - vi 


if n^ <_m < 


Vi 


and let 


k 


f(z) = 1 + I (r^r^ r^)z • 


k=1 


Then 


i(j(k) = la^ i/\l ” "^/^k increasing function of k 


Let, 


e(k) = 


I0S.X,- 

-log log 
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Bieu, lim e(4) = 1 and Um 6(„ ) = 2. 3^32^ 333^ 

!< -»•“ It -». 00 

that lim sup e(lc) = 2 and lim inf e(k) = i, so that by (l 9 5 ) 
p^=j 1 and =s 0 » Hence f(z) is of irregular growth. 

(iv) ( 6 . 3 . 3 ) was earlier obtained [ 39 ] for A = k. 

We now remove the condition (6*2*8) from (Theorem 6*4 and obtain a 
forinula for the lower order which holds for eveiy function of the class 
U * Erom this (lf9*6) can be derived as a particular case. 

CO 

^ az belong the class U ^ have order 
n=0 ^ ‘ ‘ ' “ 


log \ 


n 


(6.3-6) ^ ^»o " tliro in£ — - ", , . ], 

{n|^} k ■> “ lojj ^ log'*' log'*' Irj^ j 

k k 


whe re maximum in ( 6 . 3 . 6 ) is tak en over all increasing sequences 
of natura l nmbers - ■ 

” \r CO 

EROOI?. let g(z) = I a z , |z l< 1, where {X }, q are the principal 

k=0 “k 

indices of f(z). It is easily seen that g(z) is analytic in the xinLt 

disc and tiiat for every z in the unit disc ,f(z) and g(z) have the 

same maximum term. Hence, by (l.9»4)j the order and lower order of g(z) 

are the same as those of f(z). Ihus g(z) is of lower order Kq . 

1/(X - A ) 

lUr-ther, since 4'(n. ) = [a /a j axe jmp points of the 

^ \ \+1 

central index of f(z), ’K\) is an increasing function of k. Therefore 

g(z) satisfies the hypotheses of (Oaeorem 6.4, and so by (6.3.3), we have 



138 


(6.3.7) 1 + ^0 


\-l 

liin inf . . 

k ->- « log - log'*' log'*’ I a 


n, 


But, from Theorem 6.3> we have 


(6.3.8) l + lira inf 


*”* \-i 


{n^^} h -> « log Xjj - log'*' log'*' , 

h n 


Combiridja.g(6.3.7) and (6.3.8) we get (6.3.6). Hence the theorem, 

COTOEp^Y. Let f(2) = z belong to the class U and have 

" ' ~™ k=:0 ^ 

order Pq ( ^ ~ lower order ( 0 ^ ^ ”), then 


. log \_i 

( 6 . 3 . 9 ) 1 + r < (1 + p ) lira inf - 

° ° k » log \ 


By ( 6 . 3 . 6 ), we have 


1+^0 1 ^'^'7 “ 




log Xj. 

.,.^.„,,..3(Tnax [lira inf 


+ . + 1 


!(->■<» log Xj,-log'log' ja|,J {nj^} k -»■ “ ^ 


Now using ( 6 . 1 . 3 ), we get (6.5.9) 

RIM^S. (i) ( 6 . 3 . 6 ) can be applied to obtain the lower order of the 

function given by (6.2.13). If we put 

,, , ... . .. 

“ lo"g 10^ log^fa^^l 

then it can be easily seen that for nj^= 2k, lim B(n^) - 2 

k CO 


and for 
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2k + is any other sequence of natural 


numbers, then lim inf B(n^) < 2. Thus, max [lim inf B(n ) 1 = 2 
^ \ 1, , ^ 


k 

and so by (6.3.6), = 1. 


{u},} k ^ o 


(ii) (6.3.9) was obtained by I.E. Sons [TC] by a different method. 
In fact it implies that for functions of regular growth 

log \ 


lim 

k V 


k-1 


= 1 . 


The converse need not be true in general as can be seen by the example 
/ \ ^k-1 

given in (6*3«3} in which lim ' ~ ihe function is of 

k ->■ <» ® k 

irregular growth. 

(iii) The iujuction given by (6»3.4) shows that (6.3*6) may fail to hold 
for tiiDse functions oi the class which are of zero order. 

® X 

6.6. Bejb f(z) = a^z belong to the class U and have 

^>0 ^ increasix^ sequence of 

natural numbers, then 


(6.3.10) 1 +?Q ^ mx { 1 , lim inf - 


log X. 


"k-1 




k ■> - Sc-1 , 

log - '-} 

log "^ \% /\ 1 

k k-1 


quotient occuring at the right hand side of the above inequality 

iWiUiM* Kii ■ ^ _ 

b eing interpreted ^ zero for the ■'?a:^es 0 ^ k for which !a^ a^ ^1^1 



KOOP. Let, 


lim sup 
k c -> 






k-1 


/a,. 


loj? X. 


k-1 


n 

k-1 


It is suffiolent to consider that 0 < „ < i. 

0 < € < 1 - o, we can choose a fixed Integer H = h(s), 
all m > F, 


^ such that 
such that for 


(6-2. n) 


log"^ 


a /a 
n ' n ■ 
m m-l 


^ \ . 

m m-l m-i 


Since, 




k 

n 

ni=M+l 


k I. 


using (6.3.11 ) with the fact that the right hand side of this inequality 
is positive, we have 


(6.3.12) log |aj^ I > log U I + I a -y ) 

k M m=M+l ’^m m-l Vl 


> log |i„ i * 

"h \ "n k-1 


Let, -log r X„ ' ' , k = 2,3, If k > F and r, < r < r. 


1 ,-Ca+e) 

-1 

then by (6*3-12), using Cauchy's estimate, 


'"k e 


k+1^ 
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log MCr) > log la^ j + X log 


n, 


k ^ 


> log [a I + Cl-e’^)X 

\ \-l 


- X 


• (a+e) 


n,, , 

h k-1 


Therefore, 


log log !J(r) > log X^ - (a+e) log X + 0(1) 

k "k-1 

log log Cl/r|^^j) 

"" " ' a + e'"‘ ^ log (1/rj^) + 0(1) 

1 

^ (1 _ ...» ^ iQg ^ 


axLd BOi 


i°a lO£ M(?) > W,) ^ _..1.. , log log (1/r) 

-log(l-r) ^V'.' + U ; -log (1-V) ■ ' 


wlJich on proceeding to limits gives 


^ — -1 if a 0 and = » if a = 0. 


This establishes (6. '5.10). 


” \ 

IiSf f(z) = ^ a, z belong the class (1 , have 

k=0 

£^'1®?'. f'o^® 1^0 ^S*!. io.w®£ .P?'l®£. ^0^^' 1^0 I£ 


/ s log V . 

(i) (li) ♦w. iWi 


1/(X, 

I ' ^ k+l 


> l/e and 


(iii) 0 5 1 


log \ 


im 


!<■+“. / ^k ^k -1 


exists, then f(z) is of 


log ) 

iog+ iVvil 

re gul ar gro wth = S. 
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She Corollary follows immediately by 
-An alternative proof of the 


using Theorem 6.6 and (6.2.6). 


using Theorem. 6.3 as follows. 

Krom (6.3.12), we obtain for 


above theorem can also be si 


given bv 


all k > 


log+ |a I > log |a I + (x J ) j-t”*') 


Or, 


log+ log+ la I > log X ^ ( a + £ ) 

^ \ 


which Implies, 


log X • + 0(1 ), 
^-1 


log X - log'^log"*' la j 

■ ' ■' < a + c - 0(1 ). 

log X ^ 

\-1 • 


How, oi prooeedlng ta Umua and usiag ttoorm 6.3, this gives 

’/(l + 6^) i“+o . Ihereters, 1 + ?„ > 1/a if a / o and c„ = 
if a = 0 . This proves (6.3.IO). 


THBDRM 6.7. let f(z) = Y a ■> d. 

rUe_b z^zj rz 2, \Z bel ong Jo . the class U , have 

k=0 7 

^ pQ t lowH. order ( 0 < < «»), and .satisfy, (6.2.8), 


then 


(6.3.13) 1 + 5 


log Xv 

max (1, lim inf — — . .. .) 

I' * " log (. 
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PROOF. First let <r -u 4.^ ^ r, 

“ — *■■ o -uicti ior every e siach that 0 < e < 1 + 5 


and for all k > k = k (e), we have a<5 -iv, +v,= ^ ^ ™ 

0 qVc.;, wc nave, as in the proof of aeorem 

that 


6.4, 


i ■ ’Kk-1) 


(iHo-e) 


Therefore, on proceeding to limits after some simple calculations, 
we get 


K I 

1 + _< lim inf ™ — , 

k ->■ » -lo{^ (l-ijj(k-l)) 


log Xv , 

® lim in'^ - - — .. 

k “ , f ^k“^k-l - 

log C . 

‘“'lYVil 

If Eo = •■ , then proceeding as above with an arbitrarily large number 
in place of (l + - e), we get 

log Xj^_j 


lim inf 
k «'■> 


log ( ' 

lordVVil 


Hence, in view of Theorem 6.6 the pix)of of (6.3.13) is complete. 

« X. 

• I'-iSl'. fiz) - a^z ^i.glQQg to the class U , have 

k=0 ■ 

pQ ^ ^ Po 1 ^ '*• ^n, ^'k=0 — 

JfcC 

the prin cipal indie es_ and p(j:^) be the jump points of the central ' 
index of f(z). Then, 

(6*3.14) 1 + Cra “ w-iJC (1> 11*” — ) . 

k ->» -log (l-pCnj,)) 
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We now obtain another formula in, - 

* inTOlrag the coefficients of the 

power series of f(s). Ihis fonnula also holds f„ 

oolds for every function of 

the class U , having positive order. 

Timum 6.S. Let f(z) ;= y a V 

Jq rx^ ^ -the Class U and W 

order P„ (O < < «) and lower older {o ^ t < „), than 


(6.5.15) 


log Xn 

i [lira inf ■ k-1 


tn, > k 


10, ( 




a-ttejit .c^curing, ^ the r^t Mnd side bein^ interpreted to ^ zaxp 
for those valxxes of k for whinv, U A I - i 

-•-'Vv,'-’- 

f’A 

^99s‘ l'®'*' k=0 principal indices and p (n^^) be the jump points 

of the control index of f(s). it is clear that - 1 as k - . . 


Further , 


0 1 P(\) < P(Vi) <1, k = 1 , 2 ,... 


and 


P(^l<^ 1 ^ P(^k+1^* 

\ \+1 

Also since a z and a z are consecutive maxcimxxm terms. 

\ \+1 


we have 


l/CXn ) 

“f'k.d =■ Iv/a ' "*1 


k “k+1 
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Hence, by (l. 9 . 5 )» 


log X. 


(6.3«1S) 1 + ^o” 


lim inf 

->• 00 


\-l 

log J^-L > 

I"* Is^/V I 

Is k-1 


But by Thcsorem 6.6, 


log X. 


( 6 . 5 . 17 ) 


1 + > max [lim inf ' 

° - {n^} h ^ 


b-1 


log i‘T ' - ' ' ' 

S/\-i 


} 


ComparitiB (6.3.16) ond (6.3.17). we get (6.3.15) and the proof of me 
tbeoraa ie complete. 

6.4. Let (I^ denote the class of functions analytic in the disc 
B = {z: |!i 5 |<R}> which are not polynomials or rational 

functions. It is well known ( , [i^j ? f513 , [91] ) that there 

exist funotions in the class Ug whose rates of growth (as measured by 
their maximum modulil) are arbitrarily fast or arbitrarily slow. Bor 
H . w , lepson (43 ) , proved the following by means of simple oonstruetions 

mBOfllM A. let h(r) .and h(r) jositiye functions of r for r > 0 

s^h ttot log lc(r) ^ O(logr) as r * » . Ih?S. » *>“ 1^,00 

f(2) With nonnegative ooemoients. belonging _to , .^d tvm sequ _ _ 

{c > jond {r > of positive nmbers tendinj Mhotonically to 3^_fxn^ 

M(n 'f') > h(c ) ^ 

that for every n ^ 
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m >i{r) be r ibr r> 0 teuMed 

iE ®2asts a ^( 2 ) with 

to , such Jhat M(r) > h(r) for 

all r. 

G- Let Ic (r ) ^ a ixjsitive ^£tion ot r ha^r^ a .positiya 
lower for r > 0 such t^t (log k(r)Aog r)-^ « r « 

®i®n there ex^ a fuixtipn f (2 ) with nomejatlve coefficients, belonging; 
to U , such that M(r) < k(r) for an r. 


Xn, the prosaic t section ixsin^ the aboye rasiilts^ W6 prove the 
existence oi sxinilar functions in the class (i_ (o < R lEheoreiii 6#9 

shows the existence of a function belonging to (O <E < ■») v*ose 
upper rate of growth is arbitrarily fast and simultaneously whose lower 
rate of growth is arbitrarily slow. In Iheorem 6.12 we show that there 
exists a function in the class (O < R < ® ) vdiich has two arbitrarily 
prescribed rates of growth on tvro different, although unspecified, 
sequences tending to R. As corollaries to !Eheorems 6.9 to 6,12 we also 

c 

show the existence of similar functions belonging to the class consisting 

Q 

of those functions which are analytic in = {z : | z j > R } , ( 0 < R < ")♦ 

jTHfflRM 6.9. Let X(r) ^^d uCr) be positive functions of r for 

0 < r < R < «> such ttet log x(r) 0 (-log (R-r)) ^ r -> R . ^en 

there exist s a function P(z) belongLng to class (ij^ (O < E < “ ), 
nohne^ ative ooe fficl ents , and two^ jequenc es { s^} and { t^} £f 
pos itive nu mbers tendin g ^ mo noto nically to R ^h that for .eyei^ E?®A'*'iyi® 
in teger n, m(Sj^,P) > y(s^) and M(tj^,P) < x(tj^). 



U7 


EROO.?' Define, 


and 


k(s) = X(e -1 ) 

O 


= 0 


ii(s) = y(E - - ) 


= 0 


for 0 < s < — 
R 

^ < S < CO 


for 0 < s < 

R 

1 

for ^ < s < 00 


fhen h(3) and k(a) are positive functions of s for 0 < s <“and 
log k(s) « log ^(r - 0 (log s) as 8 ->■ “> , Therefore by 

rheorem A, there escists a function 4*(z) of the class 7 d.th nonnegative 
coefficients and two sequences {c^} and {r^} of positive numbers, 
tending to infinity, such that ibr every n > 0 , 

* M(r^, (f> ) < k(r^), 


and 

<j)(Cj^) = M(c^, ^ ) > h(c^) , 

Let H be a positive integer such that r^j. and are greater than 
or equal to ^/^i, and set 


t a R , s = E ^ n _ 1^2, 

n+E n+I 

Then and {s^} are sequences of positive numbers tending 

monotonically to R. Define, 


P(z) « 4>( ) for z e . 

Then p(z)e and has nonnegative coefficients* Thrther, 



148 


FCt^) = MCt^,F) = 




• k(J.^.) = x(t^) 


and 


s.-Sn 


Hence the theorem. 

COROLLA RY . Let ^^(r) and Vj^(r) be positive functions of r for 
0 < R < r < <» such that log Xj (r) 0 (-log ( |- - -^ ) ) ^ r r"*". 

Then there ex is ts a function g(z) belong^g to class (o < R < » ), 

with nonnegative coefficients and two sequences {s'} and {t'} of 

. ^ ^ — 

to E such that for eveay' positive 
J ^ and M(t^ , G) < Xj(t^). 


1 1 

Let S =s — and u = — . Refine X(u) = Xj(l/u) and Vi(u) = ^^(l/u). 
Then log X(u) ^ 0 (-log (S-u)), Hence there exist two sequences {s^} 
and tending to S, and a function P(z) e such that 

M(t^,]?) < X(t^) and 1(8^,?) > li (s^). 

Put s' « 1/s , t' = l/t and G(z) = R(1/z). Lien 
n n' n n 

M(a^,G) * M( , P) = M(s^,P) > v(s^) = v(Vs^) = Fi(s^) 
n 

M(t',G) = M( fr = ^i(t^) • 

n 


and 
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^ a positive fiction of r for 0 < r < E < « 
such ttet ^ ^ tound^ ^ ®T®?2C .subj^teryal of (o,e). fhoa, there 
exAs^?. a f E(2), MongiAS^o the class (o < E < ») with 

tMt M(r,E)> y (r) for 0 < r < E < «. 


-^99M' ^®t h(s) be as defined in Theorem 6.9. Then, h(s) is a 

positive function of s for 0 < s < <» and is bounded in eveiy finite 

interval. Hence, by Theorem B, there exists a function <{.(z) of class 

having nonneg^tive coefficients such that m(s,<!) ) > h(s) for all s. 

1 1 

Set, s = and P(z) = <|>( ), |z]< E. Then P(z)e and has 

nonnegative coefficients. Further for every r such that 0 < r < E < «, 

P(r) * M(r,P) = M ( ~ ) = m(s, ^ )> h(s) = h( ) = y(r). 

Hence the theorem. 

COHOLIARY. Let '>^i(r) Ai £ .£9,?£l?-y6 fun ction of r for 0 < E < r < oo 

s uch At®',t A5 A® ££ Atm-t® -^i^Aiterv^ of (e, » ). J3a^ 

0 

there JL t',urp_ti9£ G(z) hslonging the class (o < E < “), 

v/ith nonnegative coefficients such that M(r, F)> VjCr) for 0<E<r< ». 

THB31AM 6.11 . Let ^(r) Ae _a poative fungAion of r for 0 < r < E < “ 
supA t hat 

. log X(r) _ ^ 

Ixm .--—y '-. « . 

r - R- -1»« 

Ahen, there exists A .A 4 S, 9 .tipn P(z) ) {o < B. < “),with 

no nne ga ti ve coefficients such that M(r,F)^ X(r) for 0 < r < E < » . 
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mm- to aoflned as ia Iheorea 6.9. to the ooeditlon 

on ?i(r) implies 

lim . 

S ■> w log S 

Hence by theorem C, there exists a function <(,( 2 ) e and having 
nonnegative coefficients such that for all s, 

Ks) = M(s, (i))<k(s). 

i 

Define F{z) = <!> ( ), lzl < S and cs - mv, t. 

R-z ’ I ^ i ^ xi ana s - . . jhen as above 

P(z) c and Ms nom^^ative coefficients. Ihrther for every r such 
tMt 0 < r < R < CO , v/e have 

P(r) « M(r,D) » M ( ) = m(s, ^ )< k(s) = k { ^ ) = xCr), 

Hence the theorem. 

CORO DLAIg' . let ^i(r) bs a positive function of r for 0 < S <r< ® 

£uc_h that 

. log ^(r) 

lim = CO , 

r E+ log ( ^ ^ 

0 

^ . 5 ^, 50 "fcM G( 2 )e (0 < R < oo)^ Mving nonnegative 

^coeffic ien ts such that M(r, g) < ^ 0<R<r<cc, 

TPIBOR EM 6.12. Let X(r) and v(^) ^ positive and conti nuous functions 
£f r toT^ 0 < r < R < CO sixh that log X(r) ^ 0 (-log(R-r)) and 
log p(r) ^ 0(~log(R-r)) a£ r -+• E . .Then there exffts a function R(z) 
jjlp^tiitag to the class tlj^(0 < R < “), ffth nomegaffve coefffcienM 
M(r,f) = x(r) on some sequoice of values of r -> R and. 

M(r,f ) = p(r) on another such segumce. 
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rapOF. Let a(r) = min (y(r), A(r)) and e(r) = max ( y (r), x(r)). 

First, let log a(r) ^ 0 (-log(E-r)) as r ^ R. ihen by Theorem 6.9 

there exists a function F(z) of the class tip (o < R < ») with ■ 

nonnegative coefficients and, two increasing sequences (s } and (t } 

n n 

of positive numbers tending to R such that for every positive integer n, 
M(s ,P)> e(s ) and M(t ,F)< a(t ). Hence m(s ,r) > y (s ), 

M(t^,F) < v(t^) and M(s^,f) > x(s^), M(tj^,P) < X(t^). Further, by the 
continuity of M(r), x(r) and y(r) it follows that M(r,F) = y(r) on 
one sequence tending to R and M(r,F) = x(i^) on another such sequence. 

Next suppose that log a(r) = 0(-log(R-r)) as r R. We can find 
a pair y*(r) and X*(r) of continuouis functions on 0<r<R<", which 
are bounded away from zero, 


lim 

r p, -lop,CR-r) 


lin, = 

r R -log(R-r) 



and therci exists two sequences { s* } and {t^} such that 

v(s*)=V*(s*) and X(t^) = X*(l^). 

Let e (r) = min (y*(r), X*(r) ) . Eien by Th«)raii 6.11, there exists 

a function P(z)c with nonnegative coefficients such that ffi(r,F) < 6(r) 

for 0<r<R<^* Now y 

log yCs*) log xCt*) 

lim — = lim ----- = ». 

n «> -log(R-s*) n ->• “ -log(R-tp 
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But, 


log »(=*) log a(t*) 


■log(R>SjP 


•log(.R-t*) 


are bounded as n , hence 


los p(tj) log x(s.) 

and 

-log(R-t*) -log(R-s*) 


are also bounded. Since ^{z) ±s not a rational function 

log MCs* F) log M(t*,F) 

lira — = lira - . = a . 

n •+ ® -logCR-sp n -+• ® -log (R-t*) 

Therefore, M(s*)> X(s*) and M(t^)> U(t*). But 
M(8* , P)< 6(s*)lV*(s*-) = v(s*) 

** H jCl 

and 

M(tJ, P)< 6(t*)< X*(t*) = X(t^) • 

Now using iho coniinuitiy of tiio modulus M(r) snd 'th.s functions 

A(r) and u(r), we get M(r, B’) = y(r) on one sequence tending to R 
M(r,i'') * X(r) on another such sequence. 

.2P®S£1^SX* .Sot Xj(r)and xij^(r) be positlTe and continuous fimctions 

of f* fbr 0 < R < r < “ such _^at log Xj (r) 0(-log ( ^ ” “)) and 

11 

log 1^1 (r) 0 (-log ( — - — ))^ r-^E”^. there _exi8ts a 

c 

jfum tlon G'(z) belonging to (O < R < ® ) mth nonne_gatiTe _coef&ciaat_s 
t hat M(r,G) = Xj (r) ^ sorae segumce of values of r decreasing to E 
^d M(r,G) = yj(r) on another such sequence. 



CHAFTEE 7 


COhEFICIEETS OF FUNCTIONS ANALYTIC IN TEE UNIT DISC 

7,1. In. this chapter we continue to study the growth of functions 
of class U in relation to their coefficients. If two functions in U 
are of same nonzero finite order, a precise comparison of their growth 
is not possible by confining to the notion of order only. 5br this 
purpose, we introduce the notions of type and lower type as below- 

“ X 

DEFINITION 7.1. A function f(z) = T a z of the class U havlne 

n=0 

order Pq(0<Pq<«') Is said to be of type and lower tjpe t^ if 


(7.1.1 ) 


lim 
r 1 


log M(r3 "^0 

1”* (l-r)''’'’ 'o 




< T„ < o=).- 


The function f(z) is said to have growth {p^ , T^) if it is 
of order not exceeding and type not exceeding T^ if of order p^. 

A function f(z) c U and having regular growth is said to be of perfectly 
regular growth if t^ < » . 

The study of the central index of a function f\,zj = y a z 

n4o' ^ 

belonging to the class U is facilitated by introducing the concept of 
growth numbers. Thus, we have 

DEFINITION 7.2. A function f(z) = T a z “ of the class U tevlng / 

n=0 

order (O < p^ < ») M M lower 

gr o wt h numb er Sq if 
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(7.1.2) 


sup 

lim 

r I inf 


r(l-r) 


V Cr) 

P.-f “ . 


fi. 


In this chapter we first obtain a eAn,mo+ 
za^on ^pe of 

^otxooo Of «« olaoa „ . 
a coefficient foimula Ibr the lower ty~ of ti, 

fuhctiona in u which 

aatiel. («..s) anl t. .olation ae 1 . ^aor» *1.0 

another coefficient for™aa for the lower tj-pe which holds for a wider 

— Of „ . in .action .1 we *1. coefficient e,nl.l.ta for the 
^Wth n«her 3 , which are .lid for fn^ticns of the claea „ eatief^* 

(6.2.8). ,e also prove a deconjoeition thecren involving type and lower 

tfpe. in the last section we obtain cone relations involving tipe and 

lower type of f(z) e U and the ra-Hf, 

of the consecutive coefficients in 

its lEaylor series expansion. 

ffe shall suppose Ihrougtaut in this chapter that the Ih^lor series 
expansion f,r a function of the class U is gi^n bj. (6.,.l). 

7.2. We first prove a lemaa which will be required in the sequel. 

00 ^ 

ISMMA 7.1. let r a n'^ vw 

iiex fu; » 2 \2 the class u aod have 

k*0 " “ ‘ 

Po Pq -tyPwf Tq(0 ^ ■< 00 ) jmd lower "^ype t^(o £ t < »), 

then 


(7.2.1) 


where 


° - lim 

*0 ^ - 1 inf 


p(r) » max {f%| r . 
k > 0 


155 


Sy ( 1 • 9 . 3 ) , f 0 r all 


r such that 0 < r < 1 we have 


log M(r) < log u(r) + log [{2vCr + 1 


v(r)^ ’ " 


and fx.m (,.9.5) it tollca that for 8lv«. a > o and Ihr all 
1 > r > = r^(e) > o, 


r such that 


•( 1 +Po+g) 


< (l-r) 

Hence, fbr 0 < < r < i, 

log MCr) < log y(r) + (Up 4 ^) log . rj ^ 

° ^ v(r)-l log (l-r) + 0(1), 


-Pr 


mviding both sides of this inequalily by (l-r) and prooeedlng to 
limits, we get, 


sun 

lit, , ii„ '“P log „(r) 

-P.. 


r 1 inf (i.j.)-0o r -4 1 5nf 


(l-r) 


Since y(r) <. M(r), the reverse inequalities follow . Hence 

00 \ 

Ibr the function fCz) = J a z eet 

k=0 ^ 


ttie lemma. 


( 7 * 2 , 2 ) 


(log"^ laj^l) 

V ar lira sup 

k ■+■ <» Pq 

\ 


Pc*"! 


* (0 < Pq < ») . 


Hhen, we have the following theorem. 




7.1. Let f(*) . [ a belona t, 

J^“k theolMe U. k 

0 ^ *S5tion tU) af „ and t, „ ~ 

aer and.lyjB if aM 


p +1 

(0o*l) 


0?° 


only if, T = ..... 

{Po,c} ovot 

conrersely. 


^ 0 * "^ = 0 0£« » i(z) is respectively 

grovrth not less_ than {p ^ ^ ajj^ 


I'ei T < «. . Hor 


have by (7,2.2), 


given G > 0 and for all k > N = JSr(£) 


we 


log* |a.| < Co/CPo*!) 


Therefore, 


log Jaj^l log (v+e) p 

lo,'! \ (p^+l) i-g pQ+l 


Hence, by (6.1.3), f(2) is of order at most p^ . SijDilaiiy if v > 0, 
the order of t(z) is at least p, . ihus,if 0 < v < », fC^) is of 
ordef Pq . 

Let 0 <, T^ < eo . jyjj, given e > 0 and far all r sncli ^t 
1 > r > r^« r^(£) > o, (7.1.1) gives, 

log M(r) < (t^+ c) (1 ^ r) ° . 

Using Caiichy’s estimate, m have for all k and for all r such that 
1 > r > r^a r^(e) > 0, 

log \\\ < CVe3 (l-r log r. 
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Since "fclie right hand side oi the o'k 

above inequality is a rv,e.-4.- 

fo^ r < 1 , ws have 


(7.2.3) 


l“k' ^ 'V=) 


Choose, (l-r)"''= 


(7-2.3) gi 


gives 


• Ihen, for all h > k^= ]j;^(r 


Uj^l < 




Po/CPo+ 1 ) • •" 0 ( 1 ). 


Therefore, 


/■i + I I Pq^^ P +1 

(po-^i) ° 


X^o 


< - 


(Vo) + 0 ( 1 ). 


liTow, on proceeding to limits, 

(7.2.4) 


P +1 

(Po^l) ° 


V < .r,* , , . , TT 

P. 0 ' 


lle;ct euppose 0 < v < - . Ibr given e > 0 and for an 
^ *^0“ ‘’y ( 7 . 2 . 2 ) 


lev* I. I /"'''V') 1/C»„*1) 

IPS |aj^| < Xj, (v+e) . 


Let TO vfloite. 
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where 


Now, 


1 I |a, ( r 

k=0 


X, 


(7.2.5) 


^'0 ■ . \ 




k=0 


■k=k^+l 


l=‘!cl * Z ia^|r^ 

k=N+l 


(7.2.6) 


(Po^l) 


M = [ 


(-log r) 


(v+e) 

Pn+1 


]. 


k«M+ 1 




r < 
k=N+l ~ 


Since, as r ->-1, 

f 

(7.2.7) (l~r) = - log r [ 1 + 0 (- log r) ] , 


therefore, 


log (l-r^'^ 2 j _ _ 2 + log log-^ + 0 (-log r), 


and so, 


log 


.(M+l)/2 


r“' 2 °Cv+e) 




+ log 2 - log log - + 0(-log r) 

, , Po 
(-log r) 


-P, 


-2 ° (v+e) (-log r) (1 + o(l}}. 
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Ilius, 


V V(Po+13 X, (N+l)/2 

(7.2.8) I exp iX^^ (v+e) } ^ _ «o(l) 

k*N+l — l-r^/2 ^ ^ 


Let, 


,, , Po/tPo-^1) l/(Po+l) 

gCA.]^,rj » X^ (v+e) + X log r. 


Then, it can be easily seen that for all k and for all r (O < r < l), 

Po° 

_. -.wv ^ 

Pr 


gCX^.r) 


Cpp+1) ^ (-log r)'^° 


Hence, by (7.2.5) and (7.2.8), we get 


P„ (v+e) 

M(r) < A(k ) + N exp { ^ - ■ ° _ «^ -} + o(l), 
‘ (P +l)^°'"^(-log r)^o 


where A(k^ ) is a constant. Using (7.2.6) and (7.2*7)^ we get 
from the last inequality, that 

P 

log M(r) Po"'(v+e) 

(1-r) Cp^+i) ° 


How, on proceeding to limits, this gives 




(Po-^l) 


Po+:. 


(7-2.9) 
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On combining ( 7 . 2 . 4 ) , 

\i»cm 9 j and usins- +'h^ ^ 

0 < V < . , f(2) ig s i-e fact that for 

Po f we get, if 0 < V < « 

^ ^ > then £(z) 

is of order o„ and type S' « and only if, J^o*!)""*' ^ 

Now, if y , 0 then lU) , 0 ^ ° 

gives that if f(a) ^3 of order „ th^ 

.0 Of growth Co. ■— 

Similarly, if _ ^hen f(,) i, ^ 

(7.2.4) shows that if f(2) . at least and 

fU) IS Of order then T - 

V * » , f(2;) iq ° ^0 *" • Hence, If 

J of growth not less that {p^,co}. 

®i© converse also fniio,,, - 

rollows in a similar manner 

ence the theorem, 

7.3. .0 Observe that a rem^t analog., to that of iheorem 7 1 d 

not hold alwaye for the lower type t to " 

ype t^ . Ibr, consider 


( 7 . 3 . 1 ) 


f(z) a J J. Y 1/2 via 


fj( 2 )+f 2 C 2 ) Csay). 


Then it can be easily seen that f(s) ■ 

ti^at log p(r,f^) ^ (.^ ^ ^ 

, * Since, log M(r,f} ^ ufy^ 

Cl. 9 . 4 ) and (7.2.,), that 0 . j , _ , , ^ 

Pj, « = 1 and t^* 1/8. 


1 . log'*' k j 2 

b"'"" ( .'•m.ii.K ■,■ TO ■ 

k ^ 2 ' 


liffi inf ~ f '1 l1 a" 
a ^ k ^ 2 / = 0 . 

K w ^ 


tt^ver, the following relation alwaya holds. 
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theorem 7.2. Let f(z) « I a z belong to the class U ar^ have 

n=0 “ ■* '■ ' ‘ 

^r der Pq(0 < Pq ^ 1°5.5. J^P® 

be an increas_in^ sequence of natum numbers. Then, 


(7.3.2) 


P^+1 

(Pn-^l) ° 


1/X. 


‘r* t^lliminf (log* la 1 

O k -+ ® J;,l 




PEOOP. Let 


Pq° p +1 

lim inf . X (log* la^ | ) ° = 6 . 

}C 00 ^ 1)^*^ ^ 


Then for any e such that P > e > 0, 

, . I , '"o"'’ \ , 8-c 

lop |a 1 > . - - '- ■) 

"k Po/(Po-^l) \.i 
Po 

for all k > k^*= k^(e). Since the ri^t hand side of the above 
inequality is positive, we can va?ite for all k > k^ 


Po*l) V 


, I , 1: , B.e 

log |a I > C^- 

^ Po/C<’o*0 \.i 

r 


1/Po-^l 

Let =3 exp [-{C6-e)po/Xj^ } 3 

k" 1 


, far k s= 2j3>*.... 


If k ■> k and 1 . > 


then 
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aM so I 


log mCr) i log I a I +1 1,^ J. 

K \ 

>l°e |a^| » X logr^ 

> 1 r -Po/(P<,»l) 

'“X •' Pn 



> 


(3-e) 


Ce-e) 


log 1/rjj 
" p”+l 

Clog l/r^,j) 0 
(log l/r)’”” . 


log_ M(r3 
(1-r) 


> (3-e) 


(log 

(l-r) 



!nhe above inequality, on pioceeding to limits, gives 1: ^ g , Jf g » 0, 
the result follows trivially and when g = <*> above argu®eats with an 
arbitrarily large number in place of (6 - e), give t = ». Hence the 
proof of the theorem is complete. 


I* £et tiz) 


=» X 
r n 

I a z belong to the class U have order 
n=0 


Po((^ ^ pQ “) and lower type to (o £ ")• Po ^ 

incre asing sequenoe of natural numbers such ttot 


(7.3.3) 


then. 


lim inf 
Ic 00 



(l.> o) 


(Pq'*'!) 


P 


1/X 


t >• L lim inf 
° ^ k -»■ «» 


Xn (log"^ la f 3 
k ”k 


n. p +1 


(7.3.4) 



163 


OOKOmara. let f(.). I “ belong to the olase u 

pQ i»<i lower type t (O < t < ®). Let {a >“ 

ii £i Si natural numbers such that X X. as 

■'■" \-i \ 


Ic -»■ « f then 


(7.3.5) 


(PQ+I) 


^lim inf Xj^ (log"' I a | 
k ->■ “ k \ 


X P«+l 

K 0 


Combining (7.3*5) and Sieorem 7.1 we have the folio vdngi 


.S!9?5$^^ISC f(z) “ a z belong to the class U and have 

^ 

order P (0 < < «), type T (O < T < ») and lower type t (O < t < » ). 

y s . lAv Pa*^^ 

If (i) (ii) <0 = im \(log+ |aj^| ^) p 

/ N *^0 

exists, tjMn f(z} is _of perfectly regalar ^owth and 'To'^o " +1 




THEOREM 


k 

7.3. let f(z) « I ^ belong to the class- U ^ teye 


order Pq(0 < Pq “) ^^d lower type t^(o £ t^ ^ “ ). I^t 
'i' (k ) = I 1 be a nond ecreasing function 


be a non decreasing function of k for k >k 


CPo-»- 1) r > r t 

( 7 . 3 . 6 ) ^ lira inf Xj^ Ciog ISj^l ; 

Po k “ 



1€4 


S52I!* Since, by hypothesis, i|/(k) foi^jg 


a aondecreasing function of 
hfor k>k^ , Kk)>Hk-.i) for inft^i,,!^ 

otherwise p^« 0. i(<k) -^1 as k 


®aay iralties of k; for 

a ^2 becomes the maximum term and we have 

h 

•■w = la,^! r ', Vfr) = for Kk-1) < r < *(1). 

M.rst let 0 < t < 00 . In view «-p To, 

o la view of lemma 7.1 and the definition of 

the lower type, for given e such that t > .e > o, . we have 


log p(r) > (t^-e) (i_r) ° ^ 

\ X 

for 8ll T > r»e r {e). Tipf « o* ^ ^ ^2 / 

o 0^^^- and 2 (l:, > fc, 

be two consecutive maximum teims so that k^ < k^- 1, then 


lOE |a]^( + Xj^ log r > (t^-c) (i_r) 

2 2 


“P. 


for all r satisfying }p(k^-1 ) ^r < ’/'(k^). let kj 1. k < k^-l. It 
easily seen that 


IS 


’i'(k^ ) = 'l'(k^+ l) = ... = il/(k) = ... - i);(lc -1 )j 


and that 


A'j^ — 

|aj^( r =s |a, I r ^ for r = ^(k), 
2 


Hence, 


1°E Isj^l + Xj, log liiCk) s log I + log ipCk) 

2 2 


> (VO (l-rl>(k)) ^° : 
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Since --log X ^ 1-x for all x > o, we hare 


( 7 . 3 . 7 ) (loggia. I ° - Xj^ log 


P.+l 


[(l-’l'Ck)) 


t [(l-'l'(k)) ° + 0^ ^ -)(l-i;/(k))J^° 


How the minimum value of the function 


* [(1-r) ° (i_r)] 

C^o-e) 

is easily seen to be {\ /(■^ \ ^ , 

^ - s)Pq} bsiiJg attained at 

, r , V(Po+l) 

r » 1 - {pQ(tQ-e)/Xj,} * r^(say). Hence, 


(7.3.e) SC*Cfc)) i 2 (ri) > (- ,. 

° * 

Ihus, by (7.3.7) and (7.3.8), we get, for all k > k 

o 

Clog |a^| ) > — v • p ■ ■ . 

'■ '>0 

Multiplying both the sides by Xj^ and proceeding to limits, this gires, 

P +1 

1/X. p +1 (Po+l) ° 
lim inf X^ (log |a^.| ) ° > 

k ■+ «> „Po 



m 


which holds obviously if t = 0, If t = 

0 0 

carried vdth an arbitrarily large number i, 


above arguments can be 


Place of (t^« ,) to give 

lim Irtf (iog+ |a ^ ^ 

k ^ 00 K* • 


This completes the proof of the theorem. 

COROLLAEY. Let f(z;) - T a ho-, « ^ 

^ l^ Plass a _and Mye 

l?SiE pQ ^ ® ^ f^o tffie ■to(o 1 1 ^ <_ »). let 

i(<k) - I ^ a hondejDreas^ Jl^ctlnn of k for k > k , 

then 


(7.3.9) 


P +1 

(Po+l) 


^0 




p 7'“ S 1 li"* inf Xk_iClog |aj,l ) 

O CO 


where- 


Q * lim inf (L^ > 0). 


k ->• 


Combining the above theoroa and Corollary 2 of Theorem 7.2, we 
get the following theorem which gives a formula for the lower type t 
for a subclass of function of class C . This fomaula is analogous 
to that obtained for the case of type in Theorem 7-1. 


7.4. Let f(z) w J a. z ^ analytic ^ the tmit disc 

k»0 

Pq(0 < Pq < «) md jJ-ojer type t^ (o 1 % i “ ). If 
(i) ’P(k) 1 I ^ forms a nondecreasing function of k 

i?£E ^ ^ (ii) -v Xj^ as k -*■ » , then 



-iSl 


(T.3.10) 


p +1 

(Po-^1) ° 


to " Ij® inf h do/ 

K 00 ^ 


O 


Our next theorem gives a coefficient characterization of the 
lower type, #iich holds fi>r a wider subclass of functions of the 
class U • 


^ Y 

JSSS5 7*5# iet f(z) ^ I a^z to the clas^ a ^and have 

Po(o < Po ^ / sal - to a/' 

be the sequon o e of principal indices of f(z) such that 
k I .'bafK 


Vi ^ \ 




1/ 


CPo+ 1) ' + *'kc 

(7.5.11) t=Tnax [lim inf (log |a { ) ° 3 

0 . 1 HL 


k *»• M k-1 


.alSa® in (7.3«1l)^ 5Y-®£. sequences 

f ^ CO 

K'^k*1 ~ natairai numbers, 

c9 ^n. 

PROOF. Consider the function g(z) = J j” being tt® 

■ Ic^O k k*0 

princip^ indices of f(z). It is easily seen that g(z) e li and f(z) 
and g(z) have same maximum term for every z in the unit disc. Hence, 
by (1.9.4) and Lemma 7.1, g(z) is of order P,, and lower iype t^. Since 




are jump points of the rank v,(n) of 


r(zi), they form an increasing sequence , 


Ihus g(z) satisfies the 
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hypothesis of Theorem 7.4, haice by (7.3,10), 


(Po+l) 


p ^+1 


V\ 


■% p +1 


(7.3. 12) - liip inf X Cloff'*' la I o 

% lc-^00 \_i 


But, by Theorem 7.2, 




1/X. 


Cpo+^) ^ 

(7.3.13) liminfX^ (log la^ 1 ° 


{Wj^} k ■+■ CO ic-i 




Combining (7.3.12) and (7.3-13), we get (7.3.11) and the proof of the 
theorem is complete. 


7.4. In this section we find coefficient characterizations of the 
growth number and lower growth number 6^ for a subclass of functions 
of U • V/e also obtain a decomposition theorem which is analogous to a 
theorem of L.R, Sons [75, Theorem 2] . 


/ V “ Ik 

THIDRffl 7.6, Let f(z) = J a,z belong to the class U and have 

k=0 ^ 

order 0^(0 Pq ")y jKSyS? 1*0^® i. 1*0 — ”) 

l/(x - Xj^) 


strictly increasing function of k for k > k , then 


(7.4.1) 


Po 


lim sup X^^ (r ‘ V 1 °^ 
k ->• “ ^k'^^k-l 


and 
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( 7 . 4 . 2 ) 


<5 » 

0 


lim inf A, , f- ..J. - / u 

k Srtl ^ ^ ' V^k.ii) 


P +1 


mopj- let < CO . ^ (7.1.2), for any 0 > 0 and for an 

r STJch that 1 > r > r^ = r^(e), we have 


Since i{)(k) forms a strictly increasing function of k for k > k 

o 

■^(r) * \ for ip(k-l) r < i|)(k). 


Hence I 


Since the above inequality holds for all r i()(k-l), we have 


+ e > 


P +1 'fi , P >1 

X,, (l-tf.(k-l)) ° Xj^Clog ° 


’i'(k-l) 


tl-Ck-l) 


Since, i|/(k) ->• 1 as k -»- » we have, on proceeding to limit , 


( 7 . 4 . 3 ) y > lim sup X, (-... -i. .. log |a]^/aTc_il) ° 

k ■+ <» ^k*\-l 

This inequality holds obviously if y^ = «■ . 
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lext assume that > 0 . Then for every e such that > e > 0, 
there exists a sequence {r } tending to one such ti&i 

Jr 




(7.4.4) vCr^) > (y^-e) rpCl-r^) ° for p = 1,2,3,,.. . 


Since 'J^(^) ^ strictXy increasing function and tends to 1 as k ^ 

for every r we can find an integer k such that T|j(k -1 ) < r < ^(k ) 
■f p P — p p-'y 

and so we have, vCr^) « . Thus (7.4.4) gives, 


p +1 

Xv (l-'f'Ck -D) ° 

P 


- e < 


4'Cyi) 


1 




which gives, on proceeding to limits, 


(7-4.5) 


Mq £ lim sup X}. • log i V^k-lP ° 

k ■+ w '^k‘"^k-l 


p +1 


This inequality is obviously true if Pq = 0, 

( 7 . 4 . 5 ) and ( 7 . 4 . 5 ) give (7.4.1). (7.4.2) can be proved in a similar 
manner. Hence the theorem. 


» Xr 


THEDHm 7.7. let f(z) = I \z belong to the c^ass U , have 

k«0 

ord er Po(Q Oo ,PVi?iP6j? Vo lower growth nmber 6^ , 

then 


do < Vo lim inf V -’7 

I; lC+1 


(7.4.6) 
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inf , I£ B ^ ^^there exists a sequence 

{c(k)} swh that ^q(i,.) ^ ^ let be a value of r at 

which v(r) jumps from a value less than or eqml to X , ^ to a value 

c(t) 

greater than or equal to X Now, since 


1 ^c(t) < B Xc(;t)+l 1 & v(r^+0). 


therefore. 


vCr^-O) v(rt+Q) 

i. ^- u/ «r < IS lim sup . 

t-Voa , .Po^ 

rtCl-Tt) r^tlTj) 


:p-r - '*0 


Since the last inequality holds for all B >a, hence Sq 1 a Pp , 
which pi'oves (7*4«6). 


REMARK. If d M y then X, n, x ^ as k -»■ “ . 

CO 

THEOREM 7.8. let fCz) *« J sl:^ belong to the class U and have 
^ keO 

or der Pq( 0 < < «), lype T^ and Ipw^ -^^e t^ (o t^ 1. T^ “ ) and 

i-®J. V ^ ^ <U< T . .®^en , 


f(z) » g(z) + h(z) 




whe:^_ g(z) is of growth {p , y} and h(z) = I hjj.z (b^ 0 for ^1 k) 
satisfies 


Po/(l‘^Po5 

> p lim in£ (—'■ ) 

® « »k+l 


(7.4.7) 
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PROOF. let giz) » I c 


k«»0 


, .where 


°k “ \ If log"^ laj^l < B 
■= 0 otherwise, 
l/(Po+l) 'Pq/CI+Po) 

where B - « tPo+l)p„ ^ e li and is of 

srh-rth {p^,v). Set h(s) . f(s) -g(a) , J h and let 

I- r\ 

l\l ' 


k=0 


log"*" A|^ ^ B 


Let, 


, Po B -i/CPo^D 

-log rj^ » nij^ for ^ = 1,2,,.. . 

r' 0 *•» 


“ 1 r i Vi ’ 


log M:Cr,f) ^ log \ ^ 

1 log \ \ \ 


Pq/CI-^-Po) 1 

> B,n^ 


lep. 


which gives, 


Pq/CI'^Po) 

log MCr.f) B (l/(l+Po)) 


. k.1 . .U At. M ^ 

-P, 


Cl-r) ° 


(-logW ° 


V (Taj^/%+l} 


Po/f^-'Po^ 


How, on proceeding to limitsj 


Po/Cl+Po) 

t > y liffl xnf (>—“ — } 


00 


\+l 
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Rmm. The above theorem ie am affilogue of i.b. 

(75, Theorem 1 j oonoemthg order and lower order. 

7*5* In this section for a function fCzle tl 

X[zJ e U , vfQ obtain some 

relatlsno involving its type, lower type and ratio nt th 

'=«ia ratLo of the consecutive 

coefficients in its feyior series expansion. 

THmRM7.9. Let f( 2 )« ? . 

^ Jo ^ ^ order 

Po( 0 < n„ < «), t^e T^ Mid. low« tn,e (o < t_^ < t < ») thm , 


(7.5,1 ) 


1 ^0*“ 

^ "o i 'o i < vpo 


where, 


Ro » lim inf (• log-" j, /a |) ^ 


Pa+1 


and 


Oq = lin sup log"" jaj^/aj^_jj) ° , 

k ->• «> ^k“''k-l 


and 


k -1 

a * lim inf 

k ^ « ^k 


B-ret assume that 0 < R < ® . Ibr any e such that E > e > 0 

0 o 

we have for all m > R « N(e) 


IVVil > tV') 


l/(Po+i3 -i/CPo*i) 


m-1 
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Writing the above inequality for m ^ 
inequalities, we get 


h and adding all such 






m=N+l 


'm-1 


"Po/CPo'"^^ 


> + log fajjl 


logf 


where n(t) *= a for a ^ t < i mv, ^ 

m ^m-1 1 ^ ^ Therefore, 

10R*l=>kl > , ,1 . /k-l net) ^ 

K K-«X n +W ' ^ t 


"■>** Ak, ‘ 


dt - 


Po^(Po*^). 


^ iaf}! 
_ VVo/(Po*l) 


which gives. 


Po ^ 


}+log{aj.jj 




l\l 'j'” ' > CR„-.) {1 * - 0(1)}“°** * oCD. 


0 k 


Thus, on proceeding to limits, and using (7.5.2), we get 


P +1 

(Po+1) ° 


Po^« po:"^ 


* ^olCRo-p) (• * ) 


Since e is arbitrary, we have. 


pQ+a Pq +1 . 

t > R f ~ - ■) i_ 

o “ 0 ^ Pjj+1 Pq 
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This inequality is obviously true if R -- n 

0 ‘If E^= eo j above 

arguments with an arbitrarily lar^e n^mK. • 

iy large number m place of (r - 

t = «» . ° 


have 


Next let Q^<„. Nor aey e » 0 and all ^ > H . B(e), „e 

IVVll < 

ra - Vi^* 

Writing the above inequality for m « it + l , r + ? v ^ ' 

9 ^ k: and adding 

all such inequalities, we get 


n,=N+l ^ ^ ^ 


CQo-) “ 


i/(oo*i) pycoo*!) X 

A, 


^"Vn*! J'^loglxsl 


where n(t} = for Ihls gives, 


(.q^*e) { 1 - 0 ( 1 )} + 0 ( 1 ). 


Therefore, 


+ . , f’o+l Pn"^! 

\Cl0g laj^l ^) < (Q^+e) C“ ) . 


On proceeding to limits and using Theorem 7.1, we get 
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(p^+l) 


P +1 p +1 

P . 0 ~ '-0 ^ ■— } 


and hence, 


inequality is obviously true if o = 


This completes the proof of the theorem. 


Si'om (7.5*1) it is evident that if ^ 


■k«-j ''' aci<i if 


vV-r 

axiofcthon f(,) is oi perteotly r.gular gip»th,i.e., = t„.-*/p„. 
But the converse need not be true always. ihus, for 


f(z) » I exp ((2k+l)^^^) + I exp 

k<aO v=n 


we have p^ = - 1 , T = t = I /4 while E = 0 and o 

O 0 ^ ^0 


“ Xi. 


7-10. _Let f(z) 5= J a z ^belong to the class U , 
Ji§2e .Ollier Po(^ < Pq ^ “) .SSi„fyj)e Tq i ^0 - “ 

J^t i|j(k) = I ^ ^ nondecreasing f motion 


of k _^r k > k^, then 


Cpo-^1 ) ° 


Po ”^0 -■■ ■ ' p-' 


p ^o* 


(7.5.2) 
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Qq i® ^ 7.9. 

PROOF. Since ^(k) is nondecreasing, we note that log"- m the 

definition of can be replaced by log. since o T < o ^ 

0 1. So contained 

Pq+I 

in (7.5.1 ), we have only to prove o < 

^0 — T . ihis 


inequalil^r is obviously ta-ue when I = httc 

9 y Iheorem T.t for any s > o end for ell k > i, , s{t), we get 


e assume that P < <» 
o 


V(Po+l) 


(7.5.3) lof |a. I < - ."O' "-o 


(Po+ 1)CT+€) Pp/(P„+1) 

Pq/ 


Since >^'(k) is nondecreasing for k > k , we have 

0 


log Kl - CX. - 


i log I a,, I . log . 


Thus, by (7.5.3), 


, l/(Po*l) 

CPo+ 1) (T+e) Pn/fPo'*’!) 


0^/ CPq+1) 


> log m . 1^(1 - iiog ^ . 


(p +1) ® 

(T+e) > 0(1) + (l-oCD) [log 




o 


r78 


Substituting the value of and proceeding to limits, we get 

P +1 

P +1 

T ^ lira sup Xj. [-• . - . log jau/ai, ih ° 

*■^0 k ■> “ ■'k'^'k-r 

pQ 


OMs completes the proof of the theorem. 


pQ ’Tq I/CPo-*-!) 

KMK. I^et exp }(0 <Pq,Tjj<«) and let 

m 

t(z) = 1 + I (r^,..rj^) z . Then f(z) e li and \\^/\\ = lAj^ is an 
kw1 

increasing function of k. Porther^ it can be easily seen that order 


of t{z) is , type of f(z) is and T^. Hence the 

inequality 1. ^ possible. The example (6.3.5) shows that 

(Pq'^I) 

the inequality Q < ~~ 








T^ is also best possible. Jbr the 


T- Q 

function given in this example = 1 and = 0. let, 


<t>(k) a: k (log r^)^ . 

Then, 4> (n^) **■ 0 as k -»■ ® and ) ■^ 1 as k . Hoice it can 

be easily seen that Q.=1' How, let 

w 


a(k) 


(log l\l)^ 

r>.. K' » Hl'f - U^VVk.4 

k 


Then a(n^) ■+• O as k “ while ^ as k . Hence by 

Theorem 7-1 the type of the lUnction f(z) is 1/4 and consequeaHy 
p +1 

(Po+1) 

Q « T^ holds. 

0 p„ 0 



CE/mH 8 


OMf ^Z) imiWM TERM OF FUI^CTIONS 
AiJALITIC m THE mUT DISC 


6 , 1 . In Chapters 6 and 7, we saw that the growth of a function f(z) 
of the class tf can be studied in terms of its order p and type T , 
but it is evident that these concepts are inadequate to compare the 
growth of those functions of the class U which are of the same nonzero 
finite order and of infinite type. Hence, for a refinement of the above 
growth scale, one nay compare log M(r) with the function 


(l-r) ^Clofrt23 (logCPl , (q < < «), 


[ 0 ] 


■’ = log (log^^ x)f 1 £ 3 £ p. 331US a 


whore log x * x and log x 
generalized order of f(z) could be defined as the system of numbers 
( Pq f*>»j °p) such that 


log M(r) 


T(pQ,ai, , . . ,0^3 “ li*” sup . . 

is nonzero finite. The generalized order (Pq ) of a 

function f^Cz) £ Ci is said to be greater than tte generalized order 


(pQ ,al|^ ) of a function fgCz) e U f if either pp > 

Pp * P’ , aj > aj or p^ » » aj and > at^j , 1 < j < p. 


m •> 
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A study of these growth constants can be done in a mnner analogous 
to that pursued in previous chapters but we win not deviate in tMt 
direction since we wish to study the growth of f(z) ia a more general 
manner. 


In fact, the grwoth scale mentioned above can be further refined 
by introducing a certain class of 'slowly increasing' functions l(r) 
on the open interval (o, l) and then comparing the growth of log M(r) with 
that of (l-r) ° Ii(r). IhJ? this purpose we introduce the concept of a 

D-proximate order pQ(r) as follows; 


* i .iSbM. lyssSien p 5^®X%ed on (o, i ) 

oailed a ^^icx^^te, order i£ it jossesses tiie following properties : 


(8.1.1) is a posl t lye , continuous ^d piecewise (U.fferentiable 

f •tmction f or a l l r t 0 < r^ < r < I5 

lij„ p^(r) = (0 < pQ < «); 

r ->■ 1 


(8.1.3) lim - Po(r) (l-r) log (l-r) = 0 , where p^(r) i£ either 
r -»• 1 

or jWie i®.U, der_iy ag .ye of Po(r) where these ar_e different. 

We define the generalized type T* and lower generalized type t*’ 
of f(a) with respect to a given D-proximate order Po(r) as 


(8.1.4) 


T* 


m 


t* 


lim 
r 1 


sup 

inf 


log H(r) 



(0 < t* <. T* 1 ") • 


DE MNITI OI 8 . 2 . A I^pyoximate Po ,(r) is called a l^roixTmte 

o Mgr o f f(z)e if !lf is ^ fiS 3 :'*=^-- 
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We start by defining a slowly increasing function on (o,l ). 

1 potion l(r) (O < r < 1 ) said 

'1'° ^ (C*)1 ) ^ for e'pry k such that t < k < os 


( 8 . 2.1 ) 


lim 
r 1 


I(r + ^ (1-r)) 
L (r) 


V/e now state a few elementary lemmas concerning a D— proximate 
order. These leimmas follow in a straightforward iranner on the 
same linos as given in Levin |;44, pp. 32-34] for the corresponding 
lemmas on proximate order of entire functions. Hence we omit their 
proof. 

-P (r)+p 

L MMA 8.1 . Let Po(i^) be a D-p roximate order, then L(r) = (,1-r) ^ 
is & sl owl y fu nc tio n of r for 0 < r < 1 . 5tirther,for every 

^ 'the 


k 


(8.2.2) (l-r) 


-PoCr) 


_l^p^(r._(i.r)) 


< (Ue) (,;M ” (1-r) 


k 


•P„Cr) 


..fo g 5:3.1 r th at 0 < r^= r^(e) < r < 1 and for ay. k > 1. 

LHMA 0,2. Let P o ( ^ ) be a L-proxim t e order, then tbe_ tion 

( 1 ) “ ^ o ( ^ ) mono toni c ally, increasing fi^ tion of r’ :£or 

r > r^, (0 < < r < 1). 

8-3- p(r) ii; i -1 

and for 0<r <a<r<1,..^ 




(8.2.5) 


•Po(t3+S 


dt 


On-{-l 


'' + o((l-r) 


). 


Slnco, by lemm 8.2, (l-r) a monotorioaljy inoreaslng 

function of r for 0<r^<r<l,a single.-valued real function xCt) 
of t can bo defined for t > such that 


” pQ(r)-1 

(8.2.4) t » (1-r) if and only if (l^r)”'' = x(t). 


Then wo hav© 


Ii EMA 8.4. l£t P^(r) be a D~proxinate order and let X(t) be defined 
It® is. (^^•2.4). 


(0.2.5) 


lia, £(1.5S. „*(?.)) -J 

t ->• « d (log t) ^o"^ 


.Sfii ^’or every n such tltet^ 0 < n < « 


( 8 . 2 . 6 ) 


lim 

t Ctl 


X(t) 


i/CPo-^1) 

n 




Next we show that every function of the class U which is of 
nonzero finit© order has a D-proximate order. Since the lines of proof 
are cinalogous to those adopted by levin [44j PP* 35-59 ] for pix)vi£^ the 
existence of a proximate order for entire fractions, we only give a 
brief outline of the proof. 
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f(z) .belong to the class t' and have the order 
Pq(o < pQ < “)• .!^en evejt^ 2* (o < '^ < there exists a 

oj^e? satis^dn^ (8. 1 . 1 ) jto (8,1,3 ) _such tist f( z ) is of 
with reapect to tie proxi^te order p^Cr). 

”] ^ o 

let p(r) = (l-r) log M(r). If we put x = - log (l-r) 

and p^(x) = log p(l - e then lim sup(p^(x)/x)= 0. iirst suppose 
that lim sup p.. (x ) = » . iSie boundary curve y = q(x ) of the 

X -+ od 1 

SBallest convex domain containing the curve y = p^(x) and the positive 
ray of the x-axis has the following properties (a) y = q(x) is a 
concave function and lim. (q(x)/x)= 0 (b) p.,(x) £q(x) (c) y =: q(x) 

X ->■ “ 

has infinitely many extremal points idler e p.^(x) = q(x). It follov?s 
from (b) that 


-0 

logM(r) <0* (l-r) ° 


.o(“iog 

-log (l-r) 


If we put Po(r) == pQ + q (-dog (l-r))/-dog (l-r), then it is easily i 

seen that Po(^) satisfies all the properties of a D-proximate order ! 

for f(z). In the general case, we draw the line segments exactly i 

in the same way as done in Levin [44, pp. 35-^9 3 and construct the I 

I 

polygonal function q-|(x) with the property that lim ( q.^ (x)/x)= 0. | 

!Ehe function q.|(x) = - q.j(x) is seoa to have the following properties | 

(a’) lim (q.,(x)/x)= 0 (b')lim qi(x) = 0(cO 1:^ [p..(x) -i- q.(x)3 . | 

X ‘ X ^ ^ X * I 

Now constructing a concave majorant q 2 (x) for p.j(x) + q-|(x) and putting 
q(x) = q 2 (x) - q.|(x) it can be proved that Po(r) = Pq + q(-log(l-r))/-log(l-i‘ 
is a D-proximate order for f(z). Ihis completes the proof of tbe theorem. 



Analogous to the case of entire functions, the concepts of a 
Xower D-proximate order, D~proximate type, lower D-proximate type etc. 
cam h© introduced and their existence can be proved as aboye. However, 
we shall not go into the details of these. 

8*5 • this section we obtain coefficient characterizations of 

generalized type of and lower generalized type t* of a function f(z) 
in U . The coefficient characterization for the lower type holds for 
-fcbose functions in U which satisfy (6,2.8). 

first we state a lemma. 

CO ^ 

LJaffliA 8.5. Let f(z) = T a. z belong to the class U 3*id have a 

k=o ^ ■ ■“ — ' -- 

D— proximate order P^Cr), Let 1* and t* be the generalized 1ype and 
lower s_^_e^lized type of f(z) with resject to the D-proximte order . 
Po(r). fhen 




sup 

lim 

r 1 inf 


1055 v(r) 
(1-r) ^ 


The lemma follows on the lines similar (see e.g. l^] ) to those 

of lemma Hence we omit the proof. 


8" 2. Lot f(z) = 'I a^z belong to the class U , have the 

k=0 

J)~jj:TOXiinate ord^ Po(^) and order Pg(0 < Pq < “)• ®ien g^eralized_ 

T* £f f(z) with respect the D-pro_::samate order p^i^) is given 




CPo+I) 




X(k) Uxl .Po‘^1 

lim sup {— '■ - • • ' - - } 
k « 


k 


( 8 . 3 - 2 ) 





wtare X(k) is define ^(e.2.,). 

Rroui { B 1 /I ) -e> 

' ^or aii i , , (0 , (s , , 

o'' ^-^ 0 “ <r< 1 

log M(r) < (a* + e) (-, » 

Usljag Cauchy's estimate, this 


(8.3.3) 


gives for ^1 r svch 


loE’ M < tT.*s) , is, 

'■Po (^)--1 


"frilOpt; 0 < T* < T* < i 

o h 


ITow choose (l— r) 
H(k) -> 1 as k 


we 


get, by (8.3.3) 


= {1 c/(T*+ e) Pq} and let H(t) = (i- _ ^ ^ 

xC-VCT*+e 3 p^) 

Put p(k) = 1/ {p^ (H(k)) + 1 }. 2 Iow for all k > k 


log |a^J < 


(T*+e)PCh3 j,l-P(k) 


h log HCk), 


OSierefore, 



. X(k) log'*’ |a, 1 

(8.3.4) - 

1 ; 

< _(T**e)”W xW 

^ Pp lopr KCk) 

[1 - - . 1 


Since, 




lim 


P(k). 


, liin .1 

,, P(H ’ 

{(T*+e)p 


we have, by (8.1.2) and (8.3.4), that 
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(8»3.5) 


Pq+I ' 

CPo+1) log"^ la,j p +1 

^ T* ^ ligj Slip { - * ™ ° . 


Next, let a be defined by the equation 

+ P ■*•1 

xCk) log jajJ p +1 (pq+I) ° 
lira sup { - - ° 

k ^ pQ 


Haen for every 6 > a and for all r > r^(0 < r^ < r < 1 ), we have 


k(po+l) B 


[a^ r < exp {-' ,, 

>'■' ,ck) 


l/(Po+l) 

■ + k log r> 


Using Leuma 8.4j we have asymptotically, 


, , k kCpo+1) 

ja, I r < exp {- , ... - k (l-r)} 

pQ xC^/BPo) 


Hence, for r sufficiently close to 1 , 




log p(r) < max ■ k (l-r)}. 

1 ^ pQ x(k/BPo) 


Uoing (8.2.5), it can be easily seen that the maximum value on the 
right ht^nd side is attained for 


PoW-1 


k = [B PqCI-’^) ]* 


Thus, for r sufficiently close to 1,. we get. 


< B. 
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Proc-eeding to limit and using lemma 8.5, this given 1* < g . Since 
the last inequalily holds for all 3 > ot , we have 3* < a • Ihis 
and ( 8 . 5 . 5 ) together prove ( 8 , 3 , 2 ). 

■•/(PcJ^ 1 ) 

ihking Pq(3^) = Pq , we get X(t) = t , Ifence we have 

the following corollary which gives a formula for the type of 
t(z) e . 

CO 

.1'®-'* f ( z ) = I is. c la ss U f have the 

o:^er Po(0 < Pq < ”) and tjjoe (o < < ®), then 

P +1 

+1 il/k 

T = lim sup k(log la, ° . 

PQ k ^ 


It is to be observed that this corollaiy also follows from 
Iheorem 7»1 by taking X^= k. 

CO 

1j®1' ^^(z) = I belong to the class U , have the 

k=0 

pQ^^) 5*9^ Po^®'^ pQ that 

4»(k) = I 1 Si J^oMeoreasing fm^tiqn of k for k> k^. Hien 

^generalized lower ATi!® 21. f(z) M. 


P +1 

Cpo+ 1) ° xW log }a^l p +1 

( 8 , 3 . 6 ) — t* = lim inf {— ■, ■ ~ — } 

pQ k ->• 0= 

% 

where x(t) is defined as in (8.2.4). 

lEOpP. Proceeding as in Theorem 6.4 it can be seen that 1'(k)> t(k-1 ) 

for infinitely many values of k and i{>(k) ->-1 as k ^ » . when 

k 

'jj(k) > 'l'(k-1 ), then term aj^z becomes maximum term and we have, 
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«w - l^icl A 


kl . v(r) =, i for ♦ft.i) < ^ , 


♦ ft). 


Jtost, let 0 < t* < „. 


J-n view of lemma 8.5, fo^ 


we hare for^ nn , e > 0 , 

aare tor an p ^nch that 0 < r < p < 1 

0^9 

log p(r) > (t*-e3 


let " - 1 


\ 2 and a z be two 


consecutive anximm terms 


so 


that 

« 

log |aj^^j + IC2 log r > (t*-e 3 

let k., < k < k -1 T4. • 

1 ~ _ ^2 ' ' 1 ^ IS easily seen that 


'^(^1) = ’^'(^ 1 + - 1 ) = = 


and 


'p(k) _ 


Therefore,’ 


~ ^ for r = ^(k). 


iV laj^l + k log ^(k) > (t*,e) 


Since -log X > 1 -x, we get 


(8.3.7) 


X(k3 -Po('f'Cl^)) , 

k ^ ^ 1 [{M(kO} ° 


+ - ■ (M(k))3, 

t*-e 


let. 


S(r) = (l-r) + A - (l-r). 

t*-e 
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Minimum value of the function s(r) occurs at a point r which is 
the root of the equation 


(l-r) 


-PoW-1 


(t*-e) (Po+o(l)) 


By (8.2*4), this implies, 


(l-r) = x(- — ,, « 


Ct*-e) (p^+oCl)) 


Hence, 


{l-4ChO} 


-PoC^W) 


+ 

t*-e 


(l-T{'Ch)) ^ min S(r) 
0 < r < 1 


min S (r) 
0 < r < 1 


(t*-e) CPq+o CD ) X Ch/ Ct*-e) (Pq+o CD ) ) (t*- z} xC'/Ct*-e) (p..+^Ci})3 

l+Pp+oCl) 

Tt*-eTxlk7 Ct*-e) CPo+oCD)^ ^ Po+°Cl) ^ ’ 


Therefore, by (8.5.7) and lemma 8.4.,. 


xCk) jaj^i 1 + Pp + oCl) 
^ ~'' pTo(iy 


xCk/Ct*-D Cpo+oC1)33 


1+Po+oCD 

Pq+oCD 


' {Ct*-e)CPo+oa))> 


1/(P +D 


which gives 


(8.3.8) 


P +1 

xCk) log"^ la. 1 pQ+1 CPq+I) 
lim inf C-"- ~ “'3 ^ - n 

k ^ ~ 0 ° 
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(s.j.s) holds 


obviously if -j;* _ 


We now prove that strict inequality 

inequality cannot hold in fR ^ 

R>r, if it holda, thea there exl et ’ 

there exists e nuobsr S > t. 


such that 


lin inf ^ 

k ^ CO k' ■ ') = - 5 ^ 

P 

6, be such that ^ ^ ^ 

> t* , then for all k> k 


hiJ > - ^ 


p V(Po"i) ’ ^ 

o 


V (Po+1) 


Therefore, using Ie«a 8.4, .e have for suffloier 


suificiently close to 1 


Qtiy large k and for 


log HCr) > l/Cpo'^l) 


pPo/CPo+l) "^1 


+ k 1( 


Po-^1 VCPo+D 
Pq/CPo+I) ^1 ■ 


^Po w 


^=f6i p„ 

Then, in view of (8.2.4), .e have as„totioaUy 


log HCr) > J n “*^o(r) 

PoXCk/d^p^) - <5iCl-r) 


Dividing by (i-r) 


P„(r) 


and proceeding to limit, this gives > 6^ 


which is a contradiction* Henc 
complete. 


e the proof of the theorem is 
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1 

i'(z) = y z belong to the class U , have the 
k=0 ^ ‘ ■ " — - ‘ 

^ Po lower type . t (O < t < « ) sisch ttet 

lij(k) r= 1 is a nondecreasing function of k for k > k^,then 

P„+l 

™- o“- - to = kdog-^la, 0 , 

'’o 

This corollary also follows from Theorem 7.4 by taidng x^= k. 

8,4. In this section we find some inequalities which when applied to 
functions of the class (j give a unified approach to correlate the 
growth of maximum term vri.th its rank, the growth of geometric mean -values 
with the distribution of its zeros etc., via a D-proximate order. Ibr 
this purpose we consider a real valued, positive, nondecreasing fimction 
<j)(r), (O < r < 1 ), which is finite on every subinterval of the open 
interval (0,1 ) and tends to infinity as r 1 , and define another furffition 
t[)(r) as 


(8,4.1 ) Ti'(r) = (0 < ^0 < ^ ^ 

^0 

Given a D-proximate order Po(^)> we define 


( 8 , 4 . 2 ) 


sup log 4.(r) P 
lira ■ yr'\ ~ 

r 1 inf (l-rD p 

sup ^ 

r 1 inf (i.r)'^®^ ^ ^ 


(8.4.3) 


193 


(8.4.4) 


and 


sup 

lira 

r 1 inf 


<l>Cr) 


o 


rCl-r} 




(8.4.5) 




^ ^ 1 inf 


i|-Cr) 


B 

b 


We tBw obtain aone inequautlea invol«n, ta 

next section we , oonstaats. i, the 

eotioa we appi^ these Ineqaaliti^ lor 

to find analogues of s 

^es eo^ w,qq 

^ess otherwise stated we shall .assume tl^t all th 

defined by (8.4.2) to (8 4 constants 

.4.2; to (8.4.5) are nonzero finite. ’ 

THEDEM 8.4. Let the constants P and p o a ^ 

by (8 4 2) (RA.-s r ' ' ^ - — defined 

~ ^^*^*2), (8.4.4) and (8.4.5) respectively and let tt 

/ N ' ^ 1®^ D-proximate 

P(r)-p^0<p <co)_^ ^ ~ 


(8.4.6) 


b IP 1? <_B 


and 


(8.4.7) 


R/QPo ^ 1/B _< i/b ^ Q/qp 


mm- (8.4.5) we have for 


1 > 




every e > 0 and for all r such 


that 


(^) ii>(r) 


^(r) 


- < B + 


e. 


(8.4.8) 


b - e < 
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^ ( 8 . 4 . 1 ), 
0 < r < 1 . 


we get 

my. ' ^ eiiaost all values of r for 

^^erefore, by (8.4.8) ^ 


we get 


l-r ip(r)~<i.r' 

Jlow integratiag the ahn. - 

^ (>> - e) log (l-r)< , 

Blndiogby.i ( . ' * = )l°g(l-r)+0(l), 

r; am prooeedlog to 

=b prove (8.4 7) e ’ ^ ^oUo*®- 

n, for aaj e > 0, (r A a) . ■ 

that 1 > r > r (e) > 0 * ^11 r such 


(S.4.9) 


This, together 


9 - e < - Hr) 

~o^(t)H ^ ^ * 0. 

l-ri oW i 


i-(l-r) 


With (8.4.1) 


gives 


«P) < «Crc.) * (qh-o) /r -pct)-l 


dt. 


Wow 


appljing ( 8 . 2 . 3 ) elih 5 , . , 


t we get 


■Hr) < . g« 


>CCl-r) 


-PoCr) 


3 . 


Therefore, for an 

'P(r) 


r such that 1 > r > r > 0 

o 


l-r, , ; 3 < oci) * ( 2 rr, 'Cl-r) 


-p^Cr}-l 


♦ (r) 


C-lrr.) 4 tr) 

Prooeeding to llmite, the last i„ • , ■ 

^ ^“^lus-lity gives 1 /b < n/n a n, 

similar arguments inequality on the left h . - o * 

X T^y on the left hand side of (8.4.9) gi 


1 /B > q/q. „ ^ 

0 • Hence the theorem. 


gives 


ooeozxmy 1 . b - k • 

- b implies p = p. 

OPWLLARY 2. 0 - n • 

— - q implies B = b_ p 

Tumm 8.5. tp+ +1, 

- CD.nStants d n -u 

4 Q be defined . 7 ' ^ .y ( 8 . 4 . 3 ) a« 

0><»o<»)a5 --1, tta ■ - , -P„tr)*„ 


(8.4.10) 


*? p4% + q p +1 


1 Q (-« 

O 


8 P„ + 0' 


1 PQ ^ 1 ^ 


and 


( 8 . 4 , 11 ) 




-1}< n. 


JWther, 0 < q < Q < „ . 

If and_ only_ 0 < d < p < ^ 

EROOP. ^ (8.4.4) for 


we haTe 


every e > o and for all 


^ Such, “fehal; 1 > p > p 

o o 


( 8 . 4 , 12 ) 


^(r) > Cq-e) r(l-r) 


-PnW-1 


Since, for 1 < k < 


( 8 . 4 , 13 ) 




‘*’Ct) J 1 

t '■ 1<S>M r (l-r). 


therefore, ( 8 , 4 . 1 ) and ( 8 . 4 .I 2 ) give, 
( 8 . 1 . 14 ) «r4ci-r)) , 


dt 


> Hr„) * (,-e) r 8t . Kr) ^ 
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Using (8,2.3), with 5 


we get 




) * Kr) 


I'ividing the above inenuai-!+,r w / h 


proceeding to liiaits, we get 


inequality by ( -j- Po^^) 


and 


(8.4.15) 


and 


j > i )"<> 

— Po k ^ 


£ ( )'% 
k ^ k' ^ 


( 8 . 4 . 16 ) 


> i ( M fo q _k_T 
P.. ^ k '' k >> 


J^ther, by (8.4.4), for every e > 0 and for an 

1 > r > . (,)^ 


r such that 


(8.4.17) 


Since, for 1 < ic < 00 


<^(r) < (q + e) r (1 - r)" ° 

y we have 


- P.(r)-1 


(8.4.18) 


r+^Cl-r) 

J ■ i'- dti^.cr4a-r))ioga4(-~b) 


i «r4ti-x)) 41-r, _ 
therefore, by {8.4.I3) am {8.4.17), we have 
♦(t4ci-r,) < «x„, . CQ.e)f . 4(r.^i.x), 1 (1-r, 

Using (8.2.3), with C = . 1 , tbe last inequality gixes 
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■«r4a-r)) < -»oW 


+oCCl-r) 


Dividing by ( ^^oCr) 




gives 


and 


proceedingto limits tMs 


(8.4.19) 


and 


D 


•^O ^ fc-1 


d < -2 ( k-1 fo q 


(8,4.20) 

^0 K ' ■ 

Since (8. 4. 16) and (8.4 . ig) hnin -p 

•4.19j bold for all k sucb ti^t 1 < k < „ 

letting k ^ „ la -these inequalities, we get q < ^ 

H-C 3 , ,.n 

> y - y xmpiies B = d = n/ o ^ 

Q/Po and the theorem is established 

* 3 (Po'*' 1 ) 

-q 


. o — o^cuxem IS established 
inthtsoase. ^ow, let , > D 

Q-q > ko* 4^1:5) gives 


Q Po ■'■ q p „ 

^ 1 Co i ° ffL + Q-q a 0 Q pQ q p +1 

'oo * ' ;v 'q p “ >3-, 


1/(po+ 1) 


Btttiag ^-1 = {^a) _ 


< 2 l . 0 i/(po^i) 

- p '-n-' -h q {(^) _ 

H 


P ^0"' 
o ^ 


p „,VCPe.I, 


n 

1 } < ^ 


Thia completes the pcool of (8.4.10) aod ( 8 . 4 .I 1 ). lb pr„^e the 
remaining part of the theorem, ,e observe that if , > 0 , then by (8.4.16), 
a > 0, and if a < - , then by (8.4.19), Bo. Hao ( 8 . 4 . 15 ) shows 
that D < - implies Q < » . Further, if d > 0, then q > 0 , because if 
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q Oj then by (8,4. 20), ° . Since tkiis holds for 

Pq k 

all k such that 1 < k < co ^ Eiaking k ->■ 1 , we would have d = 0, 
Hence the theorem.. 


It follows from (8.4.10) and (8.4.11) that 


(8.4.21 ) 

and 



(8.4.22) d<Dd<nD<0 

By (8.4.22), it follows that q = Q implies D = d. ffowever 
converse of this is also true and we have 

B.6. Let '!^(r) and Q be defined by (8.4.1 ) and (8.4.4) 

Q-i^d let the D-pr oximate order Pq(^) ■^Pq(0<p^<“) asr->-1. 

Then 

-Pq(x)-1 

(8.4.23) ((jCr) Q r(l-r) 51^'^ ^ > 

if and only_ , 

(8.4.24) ^ 2_ (i_r) ° as r -»- 1. 

- P^(r)-1 

S95S!* 2drst suppose that 4(r) Qr(l-r) as r-»- 1. 

Then, it follows immediately from (8.4.22) that D = d = q/Pq and 
consequently (8.4.24) holds, 

-Po(i^) 

Next, (8,4.24) implies D = d = Q/Pq • Hence li^(r) D(l-r). 
as r 1. Therefore, by (8.4.1 ), for 1 < k < « , we have 
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(8.4.25) 


r+pCl-r) 

I ^ 




,, -PoW V P Crl 
(l-r) 


C + oCCl-r) 


'Pn(r) 


jiSrow (8.4.25) and (8 4 I'^V 

• • 3j give asymptotically 


r(I-r) o 


^ k D ], 0 - Cr) 

,%w-ri- it' o ° 


Hierefore, 


sup - . k Pn 

r 1' ^ ^-p^Cr)-i-l ^ Uj^_j) - 1} D. 

* U-rj 


lotting t . . 0, thn night hand aide cl the above 1 
(8.4,26) 


inequaiit' 


y, we get 


1 Po D. 


Again, by (8.4.25) and (8.4.I8) 


, we get asymptotically 


i vl-r^ V P (r) 

I. C ■' 1 > n-T-i ° o'- -' 


Hr e j-ti.n,) i (ly_, ^ 




' 1 ) a. 


Wtidlng this inequality by (w)’ ^ h 

proceeding to limits, we have 


k ^ k-1 ^ and 


lin inf - . . . .. 


Ic 

k{(j^ll) ° - 1 } 

/k 


Ijctting ic • 4 “ CO 


( 8 . 4 . 27 ) 


PlPo D. 
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Since q ^ Q, (8.4.26) and (8,4.27) imply q = Q =PqD and consequently 

(8.4,23) holds. 

^ consequence of Theorem 8.6 we get that if either (8.4.23) 
or (8.4.24) holds then 

(8.4.28) B = b = p . 

0 

Next we have 


^THEDE!^ 8,7* constants d and D be defined by (8,4.3) sad q 

^ (8.4.4). K the IK^rox^te order p^(r) ^ p^CO < < «) 

as r -»■ 1 , tten 


(8.4.29) 


CPo-1) 




0 + q + d £ Q + Cpo+1) d £ ■ -■ 


and 


(8,4.30) 


Cpo+1) p -^1 pQ 

- Po 


PROOF. (8.4.1 ) and (8.4.13) with k = 9 ^+ 1 give 


r(l-r) 


-P^(r)-i 


Cl-r) 


i)j(r) 

-pr,W 




(l-r) 




Proceeding to liaiits, this gives 


CPo^D 

0 + (p +13 d < D. 

o - Po 


Since q _< Pq, d ,(8.4.29 ) follows. 

Next by (8.4.1) and (8.4.18), with k = + 1, 


7/e have 
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Mr ) 

1 1-r 

r +v r' ^ r: i‘)' 

pQ-"^ rd-r)-! ~ 


Dividing by (l-r) ° and proceeding to limits we get (8.4.30) and the 

theorem is completely established. 


equality holds in(8.4.2lXa), then by (8.4-29), q = d = 0. 
Moreover if equality holds in (8.4.21 ) (b), then q = Q since in that 



8.5. We now give some applications of the results obtained in the 
previous section. 

00 

let f(z) = 1 a z be analytic in the unit disc having order 

k=0 ^ 

Po(0 pQ “)> "type and lower type t^, let u(r) be the maximum 

term and ^(r) be the central index of f(z). 

(i) Let <j)(r) = '^(r), then by (l .6.1), T!)(r) becomes log u(r). let 

the order and lower order of f(z) be P© and ^0 respectively- If we 

take Pq(p) = Pq j inequalities (8.4.6) and (8.4.7) remain true 

vdth P = pQ , P~^o ^ 9- gro'-''hh number and lower growth 

number respectively. Corollary 1 implies that if log v(r) '^(l-r) v(r) 

as r 1 then p =.X i.e. f(z) is of regular growth. Similar resi£Lts 
0 0 

for the case of entire functions were obtained by Shah fSI] , [ 68] . 

(ii) Let n(r) denote the number of zeros of f(z) in [zj 0 < "I* 

r f + Y 

Settijag cf)(r) == n(r), 4^(r) becomes N(r) = / fefclng Po(^) = f 

0 

from (8>4#7), we get the ineqtJBlities 
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Z 

Pq L 

th 

i < - ^ - 

b-Po e ' 

where 





(8.5.1 } 

L 

= lim 

sup 



Z 

r 1 

inf 

- p “1 
r(l -r) ° 

and 

B 

= 11m 

sup 

( 1-r ) n(r) 
r ' 


b 

r 1 

inf 

H(r) 


A corresponding result for- the case of entire functions is due to 
J-uneja ] . 

(iii) Let *(r)= U{r) and o„(r)=p^ . Ohen by (1.6.1) jCr) 
becomes log p (r). Hence, in view of lemma 8.5, Iheorem 8.5 remains 
tnlid for the function f{s)e U with D and d replaced by its type 

*0 -d Q and , replaced by its growth number 

anci lower growth mjmber 6 Wio anQ^r^ 

Oq * -l-he analogous inequalities for the class 

of entire functions are well known [66] . 

Seometrlc mean value e(r) of a function f(s)c U is defined as 
log G(r) “ log ifCre^®)| d9, fz| = r (0 < r < i). 

By Jensen’s theorem 


log G(r) . ij "(ft dt - log |fC0)|, f(0) ^ 0 
ii(t) being the number of zeros of f(z) in [z | < t, 0 < t < 1 . Hence 
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(iv) Putting <{)(r) = n(r) and PqCt) = , we get Tp(r)'^ log G(r) 

as I* 1. Thus j Ih eon en 8.5 gives the estiiaation oi the gitjwth of the 

geometric mean value of a function of the class (j , with respect to its 
number of zeros in |z j < r (O < r < 1 ). A similar result in a 
particular form for the claSs of entire fimctions is proved by R.P. Srivastav 
[79] and S.U. Srivastava [86] 

Let A(r) = max {Re f(z) } , 0 < r < 1 . Ihen since [87, p 86 ] 
}z}= r - 

A(r) £ M(r) and < max { 4 A(r), 0 } - 2 Re f(o), for all values of 

n and r (O <r <l)j we have by Lemma 8.5 that 


g* 

= lim 
t* r ^ 1 inf 


log A(r) 

- p“(r) 
(1-r) ° 


Now since log A(r) is a convex function of log r(0 < r < 1 ), we can write 


log A(r) = log A(r ) + / dt 

, \ ° / \ 
where a(t) is an indefinitely increasing function oft [0<t<1; 

and is continuous in adjacent intervals of ( 0,1 ). 


(v) Let 4’(r) = a(r) and Po(r) = Pq * Then, Theorem 8.5 gives 
results analogous to those of Jain [ 30 ] obtained for the class of 
entire functions. 

(vi) Let f(0) ^ 0, 4>(r) = n(r) and Po(n) = Po • Then, 

♦ (r) = N{r) = / at. 

'0 

By Jensen's theorem, 

NCr) = f ""P dt < log MCr) [0 < r < 1). 
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Hance, (8.4.21 ) for tha foootoon f{o) a 0, j 

pl oed by ite iype and Q and q reflaced by the quantities L 

and 1 denned by (8.5.1). ^ analogous result is .ell hno„ (11] for 
the class of entire functions. 

Since log M{r) Is a oonver function of log rw. have the relation 

log M(r} =.iog M(r ) + f ^'^t) ^ 

0 ^ J "+ ~ dt, (0 < r < r < 1 ) 

r *' o' 

where w(t) is an indefinitely increasing function of t (o < t < 1 ), 
continuous in the adjacent sublntertals of (o,1 ). aus, r = ^r), 

for almost all values of r(0 < r < i 1 uil 1 v . 

/? M (r) being the derivatiTe of 

M(r), wherever it exists* 

(vax) Let ^>(r) = w(r) and Po(r) = . !Ihen (8,4.21 ) (a) gives 


lim sup 
r 1 


H' (r) 
?'Cr) (1-r) 


Cpo'*'!) 


-p^.l 


lac the type of f(z). in analogous result for the class of 
entire functions is due 1 d Kovari [41 ] 

(viii) Let Kr) = ufr*) .Yw.'i _ „ 

' - Pq • Ihen, !Eheorem 8,6 gives the 

asymptotic behaviour of log ufrl and -Pc +1, 

d. xug pi^r; and v[r) for the functions of the class 

« . A Similar result for the olass of entire functions was proved by 

Shah [70] . Ihklng '[(r) = n(r) and applying Jensen's theoreml 

Theorem 3.6 also gives asymptotic relation between the geometric mean value 

and number of seros of f(s) in |s| < r (O < r < l). Analogous results for 

the class pf entire fuixtions are proved by Srivastava [86] 

(ix) Let cj)(r) = v(r) and PgCr) = Pq , Baen, Bheoi^ 8.7 Remains valid 

for the function f(z)e U with D and d replaced by its type and the 

lower type t^ and Q and q replaced by i1s growth number and lower growth 
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numbsi* . We can also "fcalce 'i’(r) = ii(jc’) and Pq(i*) = so tist in 
view of Jensen's theorem, inequalities (8.4.29) and (8.4. 30) give 
relations between the geometric mean value of the function f(z) e U 
and the number of its zeros in |zj < r (O < r < 1 ), 

(x) In fact, ifi(r) can be replaced by any convex fumtion of log r 
associated with the function f(z) e U and its growth can be measured 
in term of the corresponding function 4>(r) occuring under the integral 
sign in (8.5.1 ). Thus ii(r) could be replaced by its mean values 
log where 

, 2ir ■ a s 

V 5 (r)=i-/ l£Cre^®)l de (1 1 6 < “) 

or by its weighted mean values log m^ where 

^ tV dx , (1 < «) 

» j.k+1 Q 

or by its characteristic function m(r) defined by 

I 2it . 

m(r) = V- / log'*’ lf(re^®)l de 

^TT Q 

or by its weighted geometric mean values log g^Cr), where 

log g.(r) = 'vv r log G(x) dx , (1 < 6 < «), 

3,6 + 1 Q 


and so on. 



APPENDIX 


Here we obtain coefficient characterizations for the lower 03 rder 
of an entire Birichlet series. 

iet f(6) be an entire function of the complex Tariable s =0 + i t 
defined by the everywhere absolutely convergent Dirichlet series 


CO 

(1) I \ exp (s Xjj) 

n=l 

where 0 = Xq < Xj < . . . < < . . . , X^ “ as n ->■ ». 

Let 


M(o) = max }f(cr+i t) | . 

^co<X,<co 


Ihe Ritt order p* and lower order X* ( 0 <_ X* <_ p* <_ « ) of f(s) are 
defined by 


( 2 ) 


SUD 


= lii?, 

X* a ra inf ^ 


log log KCe)_ 


Azpeitia [ _5 ] has shown that if 

Xn log Xj, 


(3) 


lip 


n -V CO log n 

then the Ritt order p* of f(s) is given by 


(4) 


p* = lin sup 


Xn log X^ 


i-1 


n “ log 

A similar resialt for the lower order X* does not always hold. In 
fact, it has boon shown [37 ] that 
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(5) 


X* ^ lira inf 

n ^ » 




and that if 


( 6 ) 

and 


lira sup ^ = D < CO 

n ^ CO Xjj 


(7) 


log 


a /a . 
n n+1 


/( 


^n+1~ 


forms a nondecreasing function of n 


for n > n , 
then 


( 8 ) 


X* = lira inf 
n ->■ “> 


log \-l 
log l^nl ^ 


T/e now obtain formulae for the lower order which hold for every 
entire Dirichlet series satisfying (6), ¥e shall suppose throughout 
that f(s) is an entire function defined by everywhere absolutely 
convergent Dirichlet series (l). 

?/e have the following theorem, 

CO 

THipRM. let f(s) = ^ a exp (s X ) be an entire function of lower 

n=1 ^ ^ 

orde£ X* ( 0 ^ X* such ttot (6 ) ^ _satisfied, then 


(9) 




X* = raax [lira inf ^ 

== logja^i' 


h-l 


{lUj.} k 


(10) 


s= max [lira inf - i i 

k log I a ' 

K— 1 K 
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.is. (9) i£ iacreasiag sequences 

of natural numbers. 

Ve first prove two lemmas. 

CO 

LEV^ 1, let f(s) = a exp(s A ) ^ nn entire function of lower. 

n=1 ^ ^ 

order A*(0 _f_ X* _5. “) let {21^} be an increasing sequence of 

positive integers, then 


( 11 ) 


X* > lim inf 


®k ^-1 


Ic -»- » log I a, 


"k' 


PROOF, let lim inf in (l1 ) be denoted by a » then 0 £ a _< « • First 

suppose that 0 < a < « . Fbr any e such that a > e > 0, we can choose 
a fixed integer FI = Fl(e) such that for all m ^ R, we have 


( 12 ) 


log la-iii I > - 


X™ i e g X« 

®k-l 


a-e 


let exp ( 1 ) = Xp|_ 


1/ (a-e) 


k-1 


for k = 1 ,2,3} If k > U, 


1 0 £ then by (12) 


log M(‘^) 1 log \ 


\ 

V_i 


> - 


a-e 


+ X^ log {e X 


l/(a-e), 

\-l 




= exp ((cTj^+l - 1) 


log log M(a) ^ - 1) (a-e) 


> (a-1) (a-e) 
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or, 


A* = lim inf Ms.log M, (a) ^ 


O’ CO 


This inequality is obviously true if a = 0. If a = c=, , the above 

arguments with an arbitrarily large number in place of (a - e) give 

X*= « . This completes the proof of the lemma. 

00 

IHMA 2. let f(s) = ^ a^ exp (s be an entire function of lower 

A*(0 X* < ™) and let {e^} ^ ^ increasing sequence of natural 

nmbers, _tfaen 


(13) 




X* ^ lim inf 

V. CO log lap /Sp 


k-l k 

The proof of this lemma is similar to that of lemma 1 (see, e.g., f361 ) 
hence we omit it« 


IROOF OP^ THE THEORMo Let yCc) denote the maxim’um term of the series 

C'3 

^ exp (s x^) for Re s = a , i.e., y(a) = max {ja^jesp (a Xjj)} 

n=1 n > 0 

and let v(a) = max {n: y(a) = ja^j exp (a Xj^ ) } . let the range of v{a) 
be shall denote the jump points of u(o) by = p(n) . 

Vfe limit ourselves to nontrivial cases by supposing that " as 

k ■+■ CO so that p(n) “ as n “ .We thus have 


p(n) ^pCn+1) , n = 1,2,... 

P (%) < p(n}^+l) = ... = p(n]^+l). k = 1,2,.,. , 

^v(a) " \i P(’^k^ 1 ° P = 1 , 2 ,... . 

Ic 

Also since ja joxp (o l®-^ 1 V ^ ^ 

\ \ \+^ ^+1 

consecutive maximum terms, we have 
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(U) 


■ s-1 


P(n^) is an increasing function of k. Further, if f(s) satisfies (6) 
we have [ 37 ] . 


(15) 


log ^vro) 

X* = lim inf — - - 
a a> o 


Now consider the entire function g(s) = J a exp (s X ), where Cn, } 

denot®the mnge of vCc) ,■ Since f(s) satisfies (6), g(s) also 

satisfies the same condition. Further, for any a , f(s) and g(s) have 
the same maximum term, hence the order and lower order of g(s) are the 

same as those of f(s). Thus, g(s) is of lower order X* and since 

P(n^) is an increasing function of k, g(s) satisfies (?). Hence, by (s) 


( 16 ) 

But, from Lemma 1 , vre have 


X log X 


X* = lim inf 

k ~ loglS. i 

k 


-1 


X„ log X 


(17) 


> max lim inf 


{m^} k ® logja^ 

Tv \ 


®k-l 

1-1 


Comparing (16) and (l7), we get ( 9 ). 

To prove (IO), if c = min { 1 , 
we have, for ’ 




} by using (15) 


lop, Xji log Xn|, 

X* = lim inf > lim inf = Ixm mf ^ i X . 

p(n) ” ic ->• ® ‘^(%+l) k -> CO Pl^+lJ ^ 


n 
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Thus, 

= lim inf ^ , 

k CO P ) 

Substituting the value of from ( 14 ), ve get 

(’s) \.l ' W \ 


A* = lim inf 

k -> CO 


But, from Lemma 2 , we have 


l^v'i 

k k +1 


■* V ? log Xj_ 

A* > max lim inf ^ 

%} k -> CO log j 

Vl 'k 


Comparing (l 8 ) and ( 19 ), we get (l 0 ). Hence the theorem. 

COROLLAHY 1 . Let f(s) = 7 a eye fs > 1 h« +■ ^ ^ 

n -1 ^ V'' H® IS. entire function _of 

lower order l*(o < X* < - “iuoh tot ( 6 ) Is satisfi^ and 
♦ (n) = log \) fonns a noMecreasing fuootlon of n 


for n > n , then 

-V 0 ^ ■ 


X* = lim inf 
n CO 


- ^n-1^ log Vl 
i°s Ivi/^i 


COROIL#! 2 . Let f(s) - I exp (s X ) ^ entire function of Ritt 

n =1 - 

p * (0 _< p * <_ « ) and lower order X* (O < X* ■< co ) gyoh, that (6 ) is 
jat_!sficd. !Ehen, 


log Xv_, 

X* ^ p* lim inf - - - - - 

k M IPS Xjj- 
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